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Abstract In continuation of earlier work "4, we further investigate several characterizations 
of Fuzzy Baire spaces. 

Keywords Fuzzy dense, Fuzzy nowhere dense, Fuzzy first category, Fuzzy second category, 
totally Fuzzy second category, Fuzzy F-set, Fuzzy G5-set, Fuzzy nodec, Fuzzy regular, 


Fuzzy Baire spaces. 


81. Introduction 


The concepts of Fuzzy sets and Fuzzy set operations were first introduced by L. A. Zadeh in 
his classical paper !"°) in the year 1965. Thereafter the paper of C. L. Chang /! in 1968 paved 
the way for the subsequent tremendous growth of the numerous Fuzzy topological concepts. 
Since then much attention has been paid to generalize the basic concepts of general topology 
in Fuzzy setting and thus a modern theory of Fuzzy topology has been developed. X. Tang [4 
used a slightly changed version of Chang’s Fuzzy topological spaces to model spatial objects for 
GIS data bases and Structured Query Language (SQL) for GIS. The concepts of Baire spaces 
have been studied extensively in classical topology in [5], [6], [8] and [9]. The concept of Baire 
spaces in Fuzzy setting was introduced and studied by the authors in [14]. In this paper we 
study several characterizations of Fuzzy Baire spaces. 


§2. Definition and properties 


Now we introduce some basic notions and results used in the sequel. In this work by (X, T) 
or simply by X, we will denote a Fuzzy topological space due to Chang. 

Definition 2.1. Let A and pu be any two Fuzzy sets in (X,T). Then we define 

AV w: X = [0,1] as follows : (AV s)(x) = max {A(x),u(x)}, 

AA we: X = [0,1] as follows : (AA p)(x) = min {A(x),u(x)}. 

Definition 2.2. Let (X,T) be a Fuzzy topological space and X be any Fuzzy set in (X,T). 
We define int(\) = V{u/u< A, we T} and cl(A) = A{u/dA < pw, 1- we TH. 
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For a Fuzzy set A in a Fuzzy topological space (X, T), it is easy to see that 1—cl(X) = int(1—A) 
and 1 — int(A) = el(1— A) PI. 

Definition 2.3.7] A Fuzzy set \ in a Fuzzy topological space (X,7) is called Fuzzy dense 
if there exists no Fuzzy closed set y in (X,T) such that \ < p< 1. 


Definition 2.4.[3] A Fuzzy set in a Fuzzy topological space (X,T) is called Fuzzy 
nowhere dense if there exists no non-zero Fuzzy open set yin (X,T) such that ps < cl(A). That 
is, intcl(A) = 0. 

Definition 2.5.) A Fuzzy set \ in a Fuzzy topological space (X,T) is called a Fuzzy 
F-set in (X,T) if \ = V%,(A;) where 1 — \; € T for i € I. 

Definition 2.6.8] A Fuzzy set \ in a Fuzzy topological space (X,T) is called a Fuzzy 
Gs-set in (X,T) if X= AS, (Ay) where A; € T for i € I. 

Definition 2.7.7] A Fuzzy set \ in a Fuzzy topological space (X,T) is called Fuzzy first 
category if A = V%,(A;), where \,’s are Fuzzy nowhere dense sets in (X,T). Any other Fuzzy 
set in (X,T) is said to be of Fuzzy second category. 

Definition 2.8.!4] Let \ be a Fuzzy first category set in (X,7T). Then 1 — 2 is called a 
Fuzzy residual set in (X,T). 

Definition 2.9.!'*] A Fuzzy topological space (X,T) is called Fuzzy first category if 1 = 
V%4(Ai), where \;’s are Fuzzy nowhere dense sets in (X,T). A topological space which is not 
of Fuzzy first category, is said to be a Fuzzy second category space. 

Definition 2.10.!] Let (X,T) be a Fuzzy topological space. Suppose A C X and T, = 
{u/a: pu € T}. Then (A,T4) is called a Fuzzy subspace of (X,T). In short we shall denote 
(A,T4) by A. The Fuzzy subspace A is said to be a Fuzzy open subspace if its characteristic 
function y,4 is Fuzzy open in (X,T). 

Lemma 2.1.) For a family of {A,} of Fuzzy sets of a Fuzzy topological space (X,T), 
Vel(Aq) < cl(VAq). In case A is a finite set, Vel(Ag) = cl(VA,). Also Vint(Ag) < int(VAq). 


§3. Fuzzy Baire spaces 


Definition 3.1.!4) Let (X,T) be a Fuzzy topological space. Then (X, 7) is called a Fuzzy 
Baire space if int(V32,(A;)) =0, where \;’s are Fuzzy nowhere dense sets in (X,T). 

Definition 3.2. A Fuzzy topological space (X,T) is called a Fuzzy nodec space if every 
non-zero Fuzzy nowhere dense set is Fuzzy closed in (X,T). That is, if A is a Fuzzy nowhere 
dense set in (X,T), then 1— A € T. 

Definition 3.3.!7] A Fuzzy space X is called a Fuzzy regular space iff each Fuzzy open set 
d of X is a union of Fuzzy open sets Aq’s of X such that cl(A,) < A for each a. 

Definition 3.4. A Fuzzy topological space (X, T) is called a totally Fuzzy second category 
if every non-zero Fuzzy closed set A is a Fuzzy second category set in (X,T). 

Theorem 3.1.!"4) Let (X,T) be a Fuzzy topological space. Then the followings are equiv- 
alent: 

(1) (X,T) is a Fuzzy Baire space, 

(2) int(A) = 0 for every Fuzzy first category set \ in (X,T), 

(3) cl() = 1 for every Fuzzy residual set yu in (X,T). 
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Proposition 3.1. If the Fuzzy topological space (X,T) is a Fuzzy Baire space, then no 
non-zero Fuzzy open set is a Fuzzy first category set in (X,T). 

Proof. Suppose A is a non-zero Fuzzy open set in (X,T) such that \ = V%&,(A;), where 
d;’s are Fuzzy nowhere dense sets in (X,T). Then int(\) = int(V%&,(\;)). Since A is Fuzzy 
open, int(A) = A. Hence int(V%,(\;)) = A 4 0. But this is a contradiction to (X,T) being 
a Fuzzy Baire space, in which int(V%,(Ai)) = 0 where A;’s are Fuzzy nowhere dense sets in 
(X,T). Therefore \ 4 V%,(A;). Hence no non-zero Fuzzy open set in a Fuzzy Baire space is a 
Fuzzy first category set. 

Theorem 3.2.!"4) If cl(A%,(Ai)) = 1, where \,’s are Fuzzy dense and Fuzzy open sets in 
(X,T), then (X,T) is a Fuzzy Baire space. 

Proposition 3.2. Let (X,T) be a Fuzzy Baire space. If A C X is such that x4 (the 
characteristic function of A C X) is Fuzzy open in (X,T), then the Fuzzy subspace (A, T4) is 
a Fuzzy Baire space. 

Proof. Let \;(¢ © N) be Fuzzy open and Fuzzy dense sets in (A,T4). Now ; is a Fuzzy 
open set in (A, 74), implies that there exists a Fuzzy open set yu; in (X,7T) such that pi/4 = Ai. 
That is (u; A ya) = AG. Since yu; and x4 are Fuzzy open in (X,T), A; is a Fuzzy open set in 
(X,T). Now cl4(A;) = 1, implies that clx (Aj) /4 = 1/4. Hence clx(A;) = 1. Now ),’s are Fuzzy 
open and Fuzzy dense in (X,T) and since (X,T) is a Fuzzy Baire space, cl(A%,(A;)) = 1. Now 
cl(AS,(Ai))/a = 1/4 in (X,T) implies that cl4(A%,(Ai)) = 1a, where »;’s are Fuzzy open 
and Fuzzy dense sets in (A,T4). Therefore (A, 74) is a Fuzzy Baire space. 

Proposition 3.3. If (X,T) is a Fuzzy nodec space, then (X, T) is not a Fuzzy Baire space. 

Proof. Let »; be a Fuzzy nowhere dense set in a Fuzzy nodec space (X,T). Then A; 
is Fuzzy closed, that is, cl(A;) = Ai. Now V%&,cl(\i) = V324(Ai) and V3, (Ay) is a Fuzzy 
first category set in (X,T). Hence V%,cl(\;) is a Fuzzy first category set in (X,T). Now 
int(V&,cl(Ax)) > V&4(intel(A;)) = 0. (Since A; is a Fuzzy nowhere dense set, intcl(A;) = 0.) 
Hence int(V%,cl(A;)) #0. Therefore (X,T) is not a Fuzzy Baire space. 

Proposition 3.4. Let (X,T) be a Fuzzy topological space. Then (X, T) is of Fuzzy second 
category space if and only if AS, (Ai) # 0, where A;’s are Fuzzy open and Fuzzy dense sets in 
(X,T). 

Proof. Let (X,T) be a Fuzzy second category space. Suppose that A%,(A;) = 0, where 
Ai € T and cl(A;) = 1 then 1 — (A%,(A;)) = 1-0 = 1 that is 


ail l— A) =, (1) 
Since A; € T, 1 — A; is Fuzzy closed and hence 
cl(1 — Ax) =1— Xj. (2) 
Now cl(\;) = 1 implies that 1 — cl(A;) = 0 and hence 
int(1 — 4) = 0. (3) 


Then from (2) and (3) we get intcl(1 — A;) = 0. This means that 1—, is a Fuzzy nowhere 
dense set in (X,T). Hence from (1), we have V%&,(1 — »;) = 1, where (1 — 4;)’s are Fuzzy 
nowhere dense sets in (X,T). This implies that (X,7) must be a Fuzzy first category space, 


4 G. Thangaraj and 8. Anjalmose No. 1 


but this is a contradiction to (X,T) being a Fuzzy second category space. Hence A%2,(A;) 4 0, 
where \; € T and cl(A;) = 1. 

Conversely, suppose that AS2,(A;) 4 0 where \,’s are Fuzzy open and Fuzzy dense sets in 
(X,T). Assume that the Fuzzy topological space (X,T) is not a Fuzzy second category space. 
Then V%,A; = 1, where \,’s are Fuzzy nowhere dense sets in (X,T). Then 1 — (V%,(A;)) = 0, 
which implies that 

(1 = Ay) = 0. (4) 


Now V&A; < V%&,el(A;) implies that 1 — (V%,A; > 1 — (Ve, el(A;)) then AS,(1 — Au) = 

(1 —cl(A;)). From (4) we have A%,(1—cl(A;)) = 0. Since A; is a Fuzzy nowhere dense set, 
1—cl(A;) is a Fuzzy dense set in (X,T). Hence we have AS, (1—cl(A;)) = 0 where 1—cl(\;) € T 
and 1 — cl(A;) is a Fuzzy dense set in (X,T). But this is a contradiction to the hypothesis. 
Hence (X,7') must be a Fuzzy second category space. 

Proposition 3.5. If (X,T) is a Fuzzy Baire space, then every non-zero Fuzzy residual set 
A in (X,T) contains a Fuzzy Gs set 7 in (X,T) such that cl(7) #1. 

Proof. Let be a Fuzzy residual set in (X,T). Then 1 — A is a Fuzzy first category set 
in (X,T) and hence 1 — A = V%, (wi), where j1;’s are Fuzzy nowhere dense sets in (X,T). Now 
1 — cl(f;) is a Fuzzy open set in (X,T) and 7 = A%,1 — cl(p;) is a Fuzzy G5 set in (X,T). 
But A%,(1 — cl(p;)) = 1 — Vey el(pwi) < 1 — V224 (fs) < 1-— (1 — A) = X. Hence we have 7 < A. 
Then cl(7) < cl(A). Since (X,T) is a Fuzzy Baire space, cl(\) = 1. Hence cl(\) < 1 implies that 
cl(n) # 1. 

Proposition 3.6. If \ is a Fuzzy first category set in a Fuzzy Baire space (X,T), then 
there is a non-zero Fuzzy F,-set 6 in (X,T) such that A < 6 and int(d) £0. 

Proof. Let \ be a Fuzzy first category set in (X,T). Then 1— \ is a Fuzzy residual set in 
(X,T). Then by proposition 3.5, there is a Fuzzy Gs set 7 in (X,T) such that 7 < 1—. and 
cl(n) #1. Then A < 1—7 and 1—cl(n) #0. Hence we have \ < 1—7 and int(1—1) 4 0. Since 
nis a Fuzzy Gs set, 1 —7 is a Fuzzy FP, set in (X,T). Let 6 = 1-7, hence if \ is a Fuzzy first 
category set in (X,T), then there is a Fuzzy Fz set 6 in (X,T) such that A < 6 and int(d) 4 0. 

Proposition 3.7. If (X,7) is a Fuzzy Baire space and if V%,(\;) = 1, then there exists 
at least one Fuzzy set A; such that intcl(A;) 4 0. 

Proof. Suppose intcl(\;) = 0 for all i € N, then 2;’s are Fuzzy nowhere dense sets in 
(X,T). Then V%,(A;) = 1 implies that int(V%,(Ai)) = int(1) = 1 ¥ 0, a contradiction to 
(X,T) being a Fuzzy Baire space in which int(V%&, (Ai) = 0. Hence intcl(A;) 4 0, for at least 
one 7 € N. 

The following guaranties the existence of non-dense, Fuzzy G5 sets in a Fuzzy Baire spaces. 

Proposition 3.8. If (X,T) is a Fuzzy Baire space, then there exist Fuzzy G'5-sets uz in 
(X,T) such that cl(~u,) € 1. 

Proof. Let A; be a Fuzzy first category set in (X,T). Then A; = V%,(\;), where A;’s 
are Fuzzy nowhere dense sets in (X,T). Now 1 — cl(A;) is a Fuzzy open set in (X,T) and 
be = AS4(1 — el(A;)) is a Fuzzy G5-set in (X,T). But A%,(1 — cl(\;)) = 1 -— (Vy) < 
1—(V%2,(\i)) = 1—A;. Hence there is a Fuzzy G5-set pz in (X,T) such that ux < 1—2,; which 
implies that cl(~,) < cl(1—2;) = 1—int(A;) = 1—0 =1, (since (X,T) is a Fuzzy Baire space, 
int(A;) = 0). Therefore cl(ju;,) A 1. 
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Proposition 3.9. If A < yw and yu is a Fuzzy nowhere dense set in a Fuzzy topological 
space (X,7), then 2 is also a Fuzzy nowhere dense set in (X,T)). 

Proof. Now A < yp implies that intcl(A) < intcl(j1). Now ps is a Fuzzy nowhere dense set 
implies that intcl(~) = 0. Then intcl(A) = 0. Hence X is a Fuzzy nowhere dense set in (X,T). 

Proposition 3.10. If (X,T) is a totally Fuzzy second category, Fuzzy regular space, then 
(X,T) is a Fuzzy Baire space. 

Proof. Let (X,T) bea totally Fuzzy second category, Fuzzy regular space and \; be Fuzzy 
open and Fuzzy dense sets in (X,T). Let X = A%,;. Then 1—- A = 1—AS, A; = VX, (1 — Ai). 
Since A; is Fuzzy open and Fuzzy dense in (X,T), 1 — \; is a Fuzzy nowhere dense set in 
(X,T) for each 1 € N. Hence 1 — X is a Fuzzy first category set in (X,T). Now we claim 
that cl(A) = 1. Suppose cl(A) 4 1. Then there exists a non-zero Fuzzy closed set y in (X,T) 
such that \ < pp <1. Hence 1—A>1-— p> 0. Since p is Fuzzy closed in (X,T), 1—pisa 
Fuzzy open set in (X,T). Since (X,T) is Fuzzy regular and 1 — p is Fuzzy open, there exist 
Fuzzy open sets 6; in (X,T) such that 1 — ~ = V%&,(6;) and cl(d;) < 1— yp for each j. Now 
cl(A;(4;)) < Acl(d;) < AC — p), that is cl(A;(6;)) < 1- w<1—A, that is cl(A;(6;)) < 1—A. 
Since 1 — A is a Fuzzy first category set by proposition 3.9 cl(A;(d;)) is a Fuzzy first category 
set in (X,T). Now cl(A(6;)) is a Fuzzy closed set in a totally Fuzzy second category space, 
then cl(A;(4;)) is not a Fuzzy first category set in (X,T), which is a contradiction. Hence our 
assumption that cl(A) 4 1 does not hold. Therefore cl(A) = 1, hence by theorem 3.2 (X,T) is 
a Fuzzy Baire space. 

Proposition 3.11. Let (X,T) bea totally Fuzzy second category space. Then no non-zero 
Fuzzy closed set is a Fuzzy first category set in (X,T). 

Proof. Let \ be a non-zero Fuzzy closed set in (X,T). Assume that \ is a Fuzzy first 
category set. Then it is not a Fuzzy second category set in (X,T), which is a contradiction to 
(X,T) being a totally Fuzzy second category space. Therefore no non-zero Fuzzy closed set is 
a Fuzzy first category set in (X,T). 

Definition 3.5.) A Fuzzy topological space (X,T) is called a Fuzzy P-space if countable 
intersection of Fuzzy open sets in (X,T’) is Fuzzy open. That is, every non-zero Fuzzy G5 set 
in (X,T) is Fuzzy open in (X,T). 

Proposition 3.12. If the Fuzzy topological space (X,T) is a Fuzzy Baire P-space, and if 
d is a Fuzzy first category set in (X,T) then int(A) = 0 and cl(A) 4 1. 

Proof. Let A be a Fuzzy first category set in (X,T). Then A = V%&,(\;) where ,’s are 
Fuzzy nowhere dense sets in (X,T). Since (X,T) is a Fuzzy Baire space, int(V%,(A;)) = 0. 
That is, int(A) = 0. 

Suppose that cl(\) = 1. Now 1 — cl(;) is a non-zero Fuzzy open set in (X,T) (since A; is 
a Fuzzy nowhere dense, cl(\;) 4 1.) Let pp = A%,(1 — el(A;)), then ps is a non-zero Fuzzy G5 
set in (X,T). Since (X,T) is a Fuzzy P-space, pu is Fuzzy open in (X,T). Hence p = int(y). 
Now wp = A®,1 —cl(A;) = 1- V2 yd) < 1- V4 (Ai) = 1- A, that is, w < 1-2. Then 
int(p) < int(1 — A) = 1 — cl(A) = 1 — 1 =0, which implies that int(j) = 0, which implies that 
j = 0, a contradiction to yz being a non-zero Fuzzy Gs set in (X,T). Hence our assumption 
that cl(A) = 1 does not hold. Hence cl(A) 4 1, int(A) = 0 and cl(A) 1 for any Fuzzy first 
category set in a Fuzzy Baire P-space. 
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81. Introduction 


The concept of Fuzzy set was introduced by Zadeh [7]. Since then the concept has invaded 
nearly all branches of Mathematics. Chang ?) introduced and developed the theory of Fuzzy 
topological spaces and since then various notions in classical topology have been extended to 
Fuzzy topological spaces. Fuzzy sets have applications in many fields such as information [°! 
and control I, Atanassov |] generalised Fuzzy sets to intuitionistic Fuzzy sets. Cocker |! 
introduced the notions of an intuitionistic Fuzzy topological space. Young Chan Kim and Seok 


[10,11] 


Jong Lee have discussed some properties of Fuzzy quasi uniform space. Tomasz Kubiak 


78] studied L-Fuzzy normal spaces and Tietze extension Theorem and extending continuous 
L-Real functions. G. Thangaraj and G. Balasubramanian !! discussed On Fuzzy pre-basically 
disconnected spaces. In this paper, a new class of intuitionistic Fuzzy smooth quasi uniform 
topological spaces called ordered intuitionistic Fuzzy smooth quasi uniform topological spaces 
is introduced. Tietze extention theorem for ordered intuitionistic Fuzzy smooth quasi uniform 


basically disconnected spaces has been discussed besides providing several other propositions. 
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§2. Preliminaries 


Definition 2.1.!!] Let X be a non empty fixed set and J the closed interval [0,1]. An 
intuitionistic Fuzzy set(IF'S). A is an object of the following form A = {(a, wa(x),ya(x)) 2 v2 € 
X} where the function wa: X > I and y4: X — I denote the degree of membership (namely 
ja(xz)) and the degree of non membership (namely y(x)) for each element x € X to the set 
A respectively and 0 < a(x) + ya(x) < 1 for each x € X. Obviously, every Fuzzy set A ona 
nonempty set X is an IF'S of the following form A = {(#,wa(x),1— pa(x)): a € X}. For the 
sake of simplicity, we shall use the symbol A = (a, w(x), ya(x)) for the intuitionistic Fuzzy 
set A = {(x, a(x), ya(xz) : © € X)}. For a given non empty set X, denote the family of all 
intuitionistic Fuzzy sets in X by the symbol ¢*. 

Definition 2.2.'!] Let X be a nonempty set and the JF Ss A and B in the form A = 
{(t, a(x), Ya(a)): © € X}, B= {(x, up(@), Ye(ax)): « © X}. Then 

(i) AC B iff wa(x) < wp(x) and y4(x) > yp(x) for all € X, 

(ii) A= {(x,7a(x), a(a)) : 2 © X}, 

(iii) AN B= {(x, wa(x) A up(2), Ya(@) V Ye(@)) : & € X}F, 

(iv) AU B= {(a, wa(@) V wa(), ya(@) A Yo(@)) + & © X}. 

Definition 2.3.! The JFSs 0. and 1. are defined by 0.={(a,0,1) : a € X} and 
1l={(x,1,0):a € X}. 

Definition 2.4.!3! An intuitionistic Fuzzy topology (IFT) in Coker’s sense on a non-empty 
set X is a family 7 of JF'Ss in X satisfying the following axioms. 

(T1) OW ln € 7; 

(T2) G1 Gg € 7 for any G1, G2 € 7; 

(T3) UG; € 7 for arbitrary family {G;/¢ © I} Cr. 

In this paper by (X,r) or simply by X we will denote the Cocker’s intuitionistic Fuzzy 
topological space (IF TS). Each IF'S's in 7 is called an intuitionistic Fuzzy open set(IFOS) in 
X. The complement A of an [FOS A in X is called an intuitionistic Fuzzy closed set (IFC) 
in X. 

Definition 2.5.!4] Let a and b be two real numbers in [0,1] satisfying the inequality a+b < 
1. Then the pair (a,b) is called an intuitionistic Fuzzy pair. Let (a), 61), (a2, b2) be any two 
intuitionistic Fuzzy pairs. Then define 

(i) (a1, 61) < (a2, b2) if and only if ay < ag and b, > bo, 

(ii) (a1, b1) = (a2, be) if and only if a, = a2 and b, = bo, 

(iii) If {(a;,b;/7 € J)} is a family of intuitionistic Fuzzy pairs, then V(a;,b;) = (Va;, Ab;) 
and A(a;,b;) = (Aa;, Vb;), 

(iv) The complement of an intuitionistic Fuzzy pair (a,b) is the intuitionistic Fuzzy pair 
defined by (a,b) = (b, a), 

(v) 1~ = (1,0) and 0~ = (0,1). 

Definition 2.6.9] Let (X,T) be any Fuzzy topological space. (X,T) is called Fuzzy 
basically disconnected if the closure of every Fuzzy open F, is Fuzzy open. 


Definition 2.7.!'"] A function U : Qx — L is said to be an L-Fuzzy quasi-uniformity on 
X if it satisfies the following conditions. 


(i) U( fi fe) > U(fi) AU(fe) for fi, fo € Xx, 
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(ii) For f € Qx we have V{U(fi)/fio fi < f} 2U(S), 

(ili) If fy > f then U(fy) > UC/), 

(iv) There exists f € Qx such that U(f) = 1. 

Then the pair (X,U/) is said to be an L-Fuzzy quasi uniform space. 


§3. Ordered intuitionistic Fuzzy smooth quasi uniform ba- 


sically disconnected spaces 


Definition 3.1. Let Qx denotes the family of all intuitionistic Fuzzy functions f : ¢* — 
¢* with the following properties. 

(i) f(0v) = On, 

(ii) A C f(A) for every A € ¢*, 

(iti) f(UA;) = Uf(A;) for every A; € (*,i € J. 

For f € Qx, the function f~! € Ox is defined by f~1(A) =N{B/f(B) C A}. 

For f,g € Qx, we define, for all A € ¢*, f Mg(A) = N{f(A1) U g(A2)/A1 U Ao = A}, 
(f.0.9)(A) = f(g(A)). 

Definition 3.2. Let (X,U) be an intuitionistic Fuzzy quasi uniform space. Define, for each 
r € (0,1) = Io, s € (0,1) = withr+s<1and Ae ¢%, (r,s) IFQIy(A) =U{B/f(B) CA 
for some f € Qx with U(f) > (r,s)}. 

Definition 3.3. Let (X,U) be an intuitionistic Fuzzy quasi uniform space. Then the 
function Ty : ¢* — Ip x Ih is defined by Ty(A) = U{(r, s)/(r, s) IFQIy(A) = A,r € lo, seh 
with r+s <1}. Then the pair (X, Ty) is called an intuitionistic Fuzzy smooth quasi uniform 
topological space. The members of (X,Ty) are called an intuitionistic Fuzzy smooth quasi 
uniform open set. 

Note 3.1. The complement of an intuitionistic Fuzzy smooth quasi uniform open set is 
an intuitionistic Fuzzy smooth quasi uniform closed set. 

Definition 3.4. Let (X,T) be an intuitionistic Fuzzy smooth quasi uniform topological 
space and A be an intuitionistic Fuzzy set. Then the intuitionistic Fuzzy smooth quasi uniform 
interior of A is denoted and defined by IF SQinty(A) = U{B/B C A and B is an intuitionistic 
Fuzzy smooth quasi uniform open set where r € Ip, s € 1, with r+s< 1}. 

Definition 3.5. Let (X,T) be an intuitionistic Fuzzy smooth quasi uniform topological 
space and A be an intuitionistic Fuzzy set. Then the intuitionistic Fuzzy smooth quasi uniform 
closure of A is denoted and defined by IF SQcly(A) = O{B/B D A and B is an intuitionistic 
Fuzzy smooth quasi uniform closed set where r € Jp, s € 1) with r+s<1}. 

Definition 3.6. Let (X,T,) be an intuitionistic Fuzzy smooth quasi uniform topological 
space and A be an intuitionistic Fuzzy set. Then A is said to be an intuitionistic Fuzzy smooth 
quasi uniform G's set if A = M92,A; where each A, is an intuitionistic Fuzzy smooth quasi 
uniform open set, where r € Ip, s € J, with r+s <1. The complement of an intuitionistic 
Fuzzy smooth quasi uniform G5 set is an intuitionistic Fuzzy smooth quasi uniform F, set. 

Note 3.2. Every intuitionistic Fuzzy smooth quasi uniform open set is an intuitionistic 
Fuzzy smooth quasi uniform G5 set and every intuitionistic Fuzzy smooth quasi uniform closed 


set is an intuitionistic Fuzzy smooth quasi uniform F;, set. 
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Definition 3.7. Let (X,T) be an intuitionistic Fuzzy smooth quasi uniform topological 
space and A be any intuitionistic Fuzzy set in (X,Ty). Then A is said to be 

(i) increasing intuitionistic Fuzzy set if « < y implies A(z) < A(y). That is, wa(x) < pay) 
and ya(x) = ya(¥y); 

(ii) decreasing intuitionistic Fuzzy set if x < yimplies A(x) > A(y). That is, wa(x) > way) 
and y4(x) < ya(y). 

Definition 3.8. Let X be an ordered set. Ty is an intuitionistic Fuzzy smooth quasi 
uniform topology defined on X. Then (X, Ty, <) is said to be an ordered intuitionistic Fuzzy 
smooth quasi uniform topological space. 

Definition 3.9. Let (X,Ty,<) be an ordered intuitionistic Fuzzy smooth quasi uniform 
topological space and A be any intuitionistic Fuzzy set in (X, 7, <<). Then we define 

(i) TF SQIy(A) = Intuitionistic Fuzzy smooth quasi uniform increasing closure of A = The 
smallest intuitionistic Fuzzy smooth quasi uniform increasing closed set containing in A. 

(ii) JF SQDy(A) = Intuitionistic Fuzzy smooth quasi uniform decreasing regular closure 
of A = The smallest intuitionistic Fuzzy smooth quasi uniform decreasing closed set containing 
in A. 

(iii) JF SQIf(A) = Intuitionistic Fuzzy smooth quasi uniform increasing interior of A = 
The greatest intuitionistic Fuzzy smooth quasi uniform increasing open set contained in A. 

(iv) IFSQD)(A) = Intuitionistic Fuzzy smooth quasi uniform decreasing interior of A = 
The greatest intuitionistic Fuzzy smooth quasi uniform decreasing open set contained in A. 

Proposition 3.1. Let (X,Ty, <) be an ordered intuitionistic Fuzzy smooth quasi uniform 
topological space. Then for any two intuitionistic Fuzzy sets A and B in (X, Ty, <) the following 
are valid. 

(i) IFSQix(A) = IF SQD%,(A), 

(i) TFSQDutA) = LF SQI (A), 

(iii) TFSQI}(A) = IF SQD,(A), 

(iv) IFSQD9(A) = IFSQIy(A). 

Proof. Since JF.SQI,(A) is an intuitionistic Fuzzy smooth quasi uniform increasing closed 
set containing A, JF SQIy(A) is an intuitionistic Fuzzy smooth quasi uniform decreasing open 
set such that IF SQIj(A) C A. Let B be another intuitionistic Fuzzy smooth quasi uni- 
form decreasing open set such that B C A. Then B is an intuitionistic Fuzzy smooth quasi 
uniform increasing closed set such that B D A. It follows that JF SQIy(A) C B. That is, 
BC IFSQKy)(A). Thus, IFSQIy(A) is the largest intuitionistic Fuzzy smooth quasi uniform 
decreasing open set such that IF SQIy(A) C A. That is, IFSQIy(A) = IFSQD?,(A). The 
proof of (2), (3) and (4) are similar to (1). 


Definition 3.10. Let (X,Ty, <) be an ordered intuitionistic Fuzzy smooth quasi uniform 


topological space. 

(i) An intuitionistic Fuzzy set A in (X,Ty,<) which is both intuitionistic Fuzzy smooth 
quasi uniform increasing (decreasing) open and intuitionistic Fuzzy smooth quasi uniform in- 
creasing (decreasing) Ff, is defined by intuitionistic Fuzzy smooth quasi uniform increasing 
(decreasing) open F,. 


(ii) An intuitionistic Fuzzy set A in (X,Ty,<) which is both intuitionistic Fuzzy smooth 
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quasi uniform increasing (decreasing) closed and intuitionistic Fuzzy smooth quasi uniform 
increasing (decreasing) G5 is defined by intuitionistic Fuzzy smooth quasi uniform increasing 
(decreasing) closed G5. 

(iii) An intuitionistic Fuzzy set A in (X,Ty,<) which is both intuitionistic Fuzzy smooth 
quasi uniform increasing (decreasing) open F, and intuitionistic Fuzzy smooth quasi uniform 
increasing (decreasing) closed G5 is defined by intuitionistic Fuzzy smooth quasi uniform in- 
creasing (decreasing) closed open G5 F,. 

Definition 3.11. Let (X, Ty, <) be an ordered intuitionistic Fuzzy smooth quasi uniform 
topological space. Let A be any intuitionistic Fuzzy smooth quasi uniform increasing open Fy 
set in (X,Ty,<). If IF SQIy(A) is an intuitionistic Fuzzy smooth quasi uniform increasing 
open set in (X, Ty, <), then (X,Ty,<) is said to be upper intuitionistic Fuzzy smooth quasi 
uniform basically disconnected space. Similarly we can define lower intuitionistic Fuzzy smooth 
quasi uniform basically disconnected space. 

Definition 3.12. An ordered intuitionistic Fuzzy smooth quasi uniform topological space 
(X, Ty, <) is said to be ordered intuitionistic Fuzzy smooth quasi uniform basically disconnected 
space if it is both upper intuitionistic Fuzzy smooth quasi uniform basically disconnected space 
and lower intuitionistic Fuzzy smooth quasi uniform basically disconnected space. 

Proposition 3.2. Let (X,Ty, <) be an ordered intuitionistic Fuzzy smooth quasi uniform 
topological space. Then the following statements are equivalent: 

(i) (X, Ty, <) is an upper intuitionistic Fuzzy smooth quasi uniform basically disconnected 
space, 

(ii) For each intuitionistic Fuzzy smooth quasi uniform decreasing closed Gs set A, then 
IF SQD})(A) is an intuitionistic Fuzzy smooth quasi uniform decreasing closed, 

(iii) For each intuitionistic Fuzzy smooth quasi uniform increasing open F, set A, we have 
IF SQDu(IFQD},((A))) = IF SQA), 


(iv) For each intuitionistic Fuzzy smooth quasi uniform increasing open F, set A and 


intuitionistic Fuzzy smooth quasi uniform decreasing set B in (X, Ty, <) with IFSQIy(A) = B, 
we have, IFSQDy(B) = IFSQIy(A). 

Proof. (i) = (ii) Let A be any intuitionistic Fuzzy smooth quasi uniform decreasing closed 
G5 set. Then A is an intuitionistic Fuzzy smooth quasi uniform increasing open F, set and 
so by assumption (1), JF. SQI,/(A) is an intuitionistic Fuzzy smooth quasi uniform increasing 
open F, set. That is, [FSQD?,(A) is an intuitionistic Fuzzy smooth quasi uniform decreasing 
closed. 

(ii) > (iii) Let A be any intuitionistic Fuzzy smooth quasi uniform increasing open F; set. 
Then A is an intuitionistic Fuzzy smooth quasi uniform decreasing closed G's set. Then by (2), 
IF SQD),(A) is an intuitionistic Fuzzy smooth quasi uniform decreasing closed G5 set. Now, 
IFSQDy(LFSQD%,(A)) = IFSQD9(A) = IFSQIy(A). 


(iii) > (iv) Let A be an intuitionistic Fuzzy smooth quasi uniform increasing open Fy 


set and B be an intuitionistic Fuzzy smooth quasi uniform decreasing open F, set such that 
IFSQIy(A) = B. By (3), IFSQDy(IFSQIy(A)) = IFSQIy (A). IFSQDy(B) = IFSQIy(A). 


(iv) = (i) Let A be an intuitionistic Fuzzy smooth quasi uniform increasing open F, set. 


Put B = IFSQIy)(A). Clearly, B is an intuitionistic Fuzzy smooth quasi uniform decreasing 
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set. By (4) it follows that JF SQDuy(B) = IF SQI)(A). That is, JF SQIy(A) is an intuitionistic 
Fuzzy smooth quasi uniform decreasing open F, set. Hence (X, Ty, <) is an upper intuitionistic 


Fuzzy smooth quasi uniform basically disconnected space. 

Proposition 3.3. Let (X,Ty, <) be an ordered intuitionistic Fuzzy smooth quasi uniform 
topological space. Then (X,Ty,<) is an upper intuitionistic Fuzzy smooth quasi uniform 
basically disconnected space if and only if for each A and B are intuitionistic Fuzzy smooth quasi 
uniform decreasing closed open G5 F, such that A C B we have, IFSQDy(A) C IFSQD) (A). 

Proof. Suppose (X, Ty, <) is an upper intuitionistic Fuzzy smooth quasi uniform basically 
disconnected space and let A be an intuitionistic Fuzzy smooth quasi uniform decreasing open 
F, set and B be an intuitionistic Fuzzy smooth quasi uniform decreasing closed G5 set such 
that A C B. Then by (2) of Proposition 3.2, IF SQD)(A) is an intuitionistic Fuzzy smooth 
quasi uniform decreasing closed set. Also, since A is an intuitionistic Fuzzy smooth quasi 
uniform decreasing open F, set and A C B, it follows that A C IF SQD)(B). This implies 
that IFSQDy(A) C IFSQD?)(B). 

Conversely, let B be any intuitionistic Fuzzy smooth quasi uniform decreasing closed open 
Gs F, set. Then by Definition 3.4, JF SQD},(B) is an intuitionistic Fuzzy smooth quasi uniform 
decreasing open F, set and it is also clear that [FSQD)(B) C B. Therefore by assumption, 
IFSQDy(LFSQD}(B)) C IFSQD?(B). This implies that [F.SQD?(B) is an intuitionistic 
Fuzzy smooth quasi uniform decreasing closed set. Hence by (2) of Proposition 3.2, it follows 
that (X,Ty,<) is an upper intuitionistic Fuzzy smooth quasi uniform basically disconnected 
space. 

Remark 3.1. Let (X,7y,<) be an upper intuitionistic Fuzzy smooth quasi uniform 
basically disconnected space. Let {A;, B;/i € N} be collection such that A;’s are intuitionistic 
Fuzzy smooth quasi uniform decreasing open F, sets and B; are intuitionistic Fuzzy smooth 
quasi uniform decreasing closed G's sets. Let A and B be an intuitionistic Fuzzy smooth quasi 
uniform decreasing open F, set and intuitionistic Fuzzy smooth quasi uniform increasing open 
Fy, set respectively. If A; C A C B; and A; C B C B; for all i,j € N, then there exists 
an intuitionistic Fuzzy smooth quasi uniform decreasing closed open G5F, set C such that 
IFSQDy(A;) C C C IFSQD}(B;) for all i,7 € N. 

Proof. By Proposition 3.3, [FSQDy (Ai) C IF SQDy(A)NIFSQD?}(B) C IFSQD?(B;) 
for all i,j € N. Letting C = IFSQDy(A) OIF SQD)(B) in the above, we have C is an intu- 
itionistic Fuzzy smooth quasi uniform decreasing closed open GF, set satisfying the required 
conditions. 

Proposition 3.3. Let (X,Ty, <) be an ordered intuitionistic Fuzzy smooth quasi uniform 
basically disconnected space. Let {Ag}geq and {By}qeq be monotone increasing collections 
of an intuitionistic Fuzzy smooth quasi uniform decreasing open F, sets and intuitionistic 
Fuzzy smooth quasi uniform decreasing closed G5 sets of (X,Ty,<) respectively. Suppose 
that Aj, C By, whenever qi < qe (Q is the set of all rational numbers). Then there exists 
a monotone increasing collection {Cj}geq of an intuitionistic Fuzzy smooth quasi uniform 
decreasing closed open GF, sets of (X,Ty,<) such that IFSQDy(Aq,) © Cy, and Cy, C 
IFSQD),(Bg,) whenever qi < qo. 


Proof. Let us arrange all rational numbers into a sequence {qg,} (without repetitions). 
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For every n > 2, we shall define inductively a collection {Cy,/1 < i <n} C ¢* such that 


IFSQDy(Aq) © Cy; if a < a; Cy, C IF SQD2 (By), ifgi <q, for alli <n. (S.,) 


By Proposition 3.3, the countable collections {ISFQDy(Aq)} and {IF SQD}(B,)} satisfying 
IFSQDy(Aq,) C LF SQD}( Ba.) if a < gq. By Remark 3.1, there exists an intuitionistic Fuzzy 
smooth quasi uniform decreasing closed open G5 F, set D, such that 


IFSQDy(Aq,) © Di C IFSQD} (By): 


Letting Cy, = Di, we get (S2). Assume that intuitionistic Fuzzy sets Cy, are already 
defined for i < n and satisfy (S,,). Define BE = U{Oy,/i < nea < q}U Ag, and F = 
MCy,/7 < nq > Ir} N Ba, Then IFSQDu(Cy,) © IFSQDy(E) © IFSQD9,(C;,) and 
IFSQDy(Cq,) © IFSQD)(F) © IFSQD)(Cy,) whenever qi < dn < q(i,j <n), as well 
as Ay C IFSQDu(E) © B, and A, © IFSQD}(F) © B, whenever q < qn <q. This 
shows that the countable collection {Cy,/i <n, qi < dn} U {Agla < qm} and {Cy,/j <n, qj > 
dn} U{Bala > dr} together with E and F fulfil the conditions of Remark 3.1. Hence, there 
exists an intuitionistic Fuzzy smooth quasi uniform decreasing closed open G5 F, set D,, such 
that IFSQDu(Dn) © Bg, if @n < gq Ag C IFSQDP(D,), if @ < gn3 IFSQDu(Cy,) © 
IFSQD8(Dn) if Gi: < In IF SQ, Du(Dn) € IFSQD9(Cy,) if dn < qj, where 1 <i, j <n-—1. 
Letting Cy, = Dn we obtain an intuitionistic Fuzzy sets Cg,,Cq.,Cq3,---,Cq, that satisfy 
(Sn41)-. Therefore, the collection {C,,/i = 1,2,...} has the required property. 

Definition 3.13. Let (X, Ty, <) and (Y, Sy, <) be an ordered intuitionistic Fuzzy smooth 
quasi uniform topological spaces and f : (X,T,<) — (Y,S,<) be an intuitionistic Fuzzy func- 
tion. Then f is said to be an (r,s) intuitionistic Fuzzy quasi uniform increasing (decreasing) 
continuous function if for any intuitionistic Fuzzy smooth quasi uniform open (closed) set A 
in (Y,Sy,<), f-*(A) is an intuitionistic Fuzzy smooth quasi uniform increasing (decreasing) 
open F, (closed Gs) set in (X, Ty, <). 

If f is both (r,s) intuitionistic Fuzzy quasi uniform increasing continuous function and 
(r, 8) intuitionistic Fuzzy quasi uniform decreasing continuous function then it is called ordered 
(r, s) intuitionistic Fuzzy quasi uniform continuous function. 


84. Tietze extention theorem for ordered intuitionistic 


Fuzzy smooth quasi uniform basically disconnected space 
An intuitionistic Fuzzy real line Ry(Z) is the set of all monotone decreasing intuitionistic 
Fuzzy set A € C® satisfying 


U{A(t) :t € R} = 0%, 
N{A(t):t © R} =1%. 


After the identification of intuitionistic Fuzzy sets A,B € R;(JZ) if and only if A(t—) = B(t-) 
and A(t+) = B(t+) for all t € R where 
A(t—) =N{A(s) : s < t} and 
A(t+) = U{A(s) : 5 > t}. 
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The natural intuitionistic Fuzzy topology on R;(J) is generated from the basis {L/, R/ : t € R} 
where L/, R/ are function from R;(I) — I;(Z) are given by L/[A] = A(t—) and R/[A] = A(t+). 
The intuitionistic Fuzzy unit interval I;(Z) is a subset of R;(Z) such that [A] € I;(J) if the 


member and non member of A are defined by 


0, ift>1; 
Halt) = 
1, ift<0; 
and 
1, ift>0; 
ya(t) = 
0, ift<1; 
respectively. 


Definition 4.1. Let (X,Ty,<) be an ordered intuitionistic Fuzzy smooth quasi uniform 
topological space and f : X — R,;(J) be an intuitionistic Fuzzy function. Then f is said to be 
lower (r, s) intuitionistic Fuzzy quasi uniform continuous function if f~1(R/) is an intuitionistic 
Fuzzy smooth quasi uniform increasing open F’, set or intuitionistic Fuzzy smooth quasi uniform 
decreasing closed G5 set, for t € R. 

Definition 4.2. Let (X,Ty,<) be an ordered intuitionistic Fuzzy smooth quasi uniform 
topological space and f : X — R,;(J) be an intuitionistic Fuzzy function. Then f is said to be 
upper (r,s) intuitionistic Fuzzy quasi uniform continuous function if f~1(Z/) is an intuitionistic 
Fuzzy smooth quasi uniform increasing open F, set or intuitionistic Fuzzy smooth quasi uniform 
decreasing closed G5 set, for t € R. 

Note 4.1. Let X be a non empty set and A € ¢*. Then AY = (w(x), ya(x)) for every 
rEX. 

Proposition 4.1. Let (X,Ty, <) be an ordered intuitionistic Fuzzy smooth quasi uniform 
topological space, A € ¢* and f : X — R;(J) be such that 


1~, if t<0; 
f@)Q= Ar, if O<t<) 
O~, if ¢>1, 


and for all z € X. Then f is lower (upper) (r,s) intuitionistic Fuzzy quasi uniform continuous 
function if and only if A is an intuitionistic Fuzzy smooth quasi uniform increasing (decreasing) 
open F, (closed G5) set. 

Proof. It suffices to observe that 


1, if t<0; 
F'MR)= 5A, if O<t<1; 
Or, if t>1, 
and 
lrl., if t<0; 


f Gj=<A,. a 0ee<i; 
On, if t>1. 
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Thus proved. 

Definition 4.3. let X be any non empty set. An intuitionistic Fuzzy* characteristic 
function of an intuitionistic Fuzzy set A in X isa map U4: X — I;(J) defined by VU 4(x) = A~ 
for each x € X. 

Proposition 4.2. Let (X,Ty, <) be an ordered intuitionistic Fuzzy smooth quasi uniform 
topological space, A € ¢*. Then Wy is lower (upper) (r,s) intuitionistic Fuzzy quasi uniform 
continuous function if and only if A is an intuitionistic Fuzzy smooth quasi uniform increasing 
(decreasing) open F, (closed G5) set. 

Proof. Proof is similar to Proposition 4.1. 

Proposition 4.3. Let (X,Ty, <) be an ordered intuitionistic Fuzzy smooth quasi uniform 
topological space. Then the following are equivalent: 

(i) (X, Ty, <) is an upper intuitionistic Fuzzy smooth quasi uniform basically disconnected 
space. 

(ii) If g,h : X — R7(J), g is an lower (r,s) intuitionistic Fuzzy quasi uniform continuous 
function, h is an upper (r,s) intuitionistic Fuzzy quasi uniform continuous function and g C h, 
then there exists an (r,s) intuitionistic Fuzzy quasi uniform continuous function f : (X,Ty,< 
) > R7(Z) such that g C f Ch. 

(iii) If A is an intuitionistic Fuzzy smooth quasi uniform increasing open F, set and B 
is an intuitionistic Fuzzy smooth quasi uniform decreasing open F, set such that B C A, 
then there exists an (r,s) intuitionistic Fuzzy quasi uniform increasing continuous function 
f:(X,T,<) > Ri(D) such that BC f—(L1) C f1(RI) CA. 

Proof. (i) = (ii) Define A, = h71(L/) and B, = g~1(R2J), for all r € Q (Q is the set of all 
rationals). Clearly, {A;};eg and {.B;}req are monotone increasing families of an intuitionistic 
Fuzzy smooth quasi uniform decreasing open F, sets and intuitionistic Fuzzy smooth quasi 
uniform decreasing closed G5 sets of (X,Ty,<). Moreover A, C B, if r < s. By Proposition 
3.4, there exists a monotone increasing family {C;},cq of an intuitionistic Fuzzy smooth quasi 
uniform decreasing closed open Gs F, sets of (X,Ty,<) such that IF SQD,(A,) C C, and 
C, € IFSQD}(Bs) whenever r < s (r,s € Q). Letting Vi = (),-,C, for t € R, we define a 
monotone decreasing family {V; | t € R} C ¢*. Moreover we have IF SQIu(V;) C IFSQIP (Vs) 


whenever s < t. We have, 
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Similarly, ,cp Vi = 0~. Now define a function f : (X, Ty, <) — Ry(J) possessing required con- 
ditions. Let f(x)(t) = Vi(a), for all x € X andt € R. By the above discussion, it follows that 
f is well defined. To prove f is an (r,s) intuitionistic Fuzzy quasi uniform increasing contin- 
uous function. Observe that U,.,Vs = U,.,IFSQIZ(V.) and (),2,Vs = Nc, IF SQlu(Vs). 
Then f~'(R{) = U.s, Vs = Us, LF SQIZ (Vs) is an intuitionistic Fuzzy smooth quasi uniform 
increasing open F, set and f~'(L/) = (\,e,Vs = ser LF SQIu (Vs) is an intuitionistic Fuzzy 
smooth quasi uniform increasing closed G5 set. Therefore, f is an (r,s) intuitionistic Fuzzy 
quasi uniform increasing continuous function. To conclude the proof it remains to show that 
g9 © f Ch. That is, g-(L7) C f-1(L4) C h-(LA) and g™1(Rf) C f-1(RA) C h-1(R4) for 
each t € R. 


We have, 


t 
= 
= 
i 


and 


Vol. 9 A view on ordered intuitionistic Fuzzy smooth quasi uniform basically disconnected spaces 17 


Similarly, 


and 


Hence, the condition (ii) is proved. 


(ii) => (iii) A is an intuitionistic Fuzzy smooth quasi uniform increasing open F, set and B 
is an intuitionistic Fuzzy smooth quasi uniform decreasing open F, set such that B C A. Then, 
We C Wy, Vp and Vy lower and upper (r,s) intuitionistic Fuzzy quasi uniform continuous 
function respectively. Hence by (2), there exists an (r,s) intuitionistic Fuzzy quasi uniform 
increasing continuous function f : (X,Ty,<) — I;(J) such that Vg C f C Wy. Clearly, 
f(z) € [0,1] for all 2 € X and B = WZ (LA) C FUL) Cc f-1(R)) C UR) = A. 
Therefore, BC f~1(L1) C f-1(RE) C A. 

(iii) > (i) Since f-1(L7) and f~1(RJ) are intuitionistic Fuzzy smooth quasi uniform de- 
creasing closed Gs and intuitionistic Fuzzy smooth quasi uniform decreasing open F, sets by 
Proposition 3.3, (X,Ty,<) is an upper intuitionistic Fuzzy smooth quasi uniform basically 
disconnected space. 

Note 4.2. Let X be a non empty set and AC X. Then an intuitionistic Fuzzy set x% is 
of the form (x, x(x), 1 — ya(x)) where 


1, ifaeA; 
0, ifa¢A. 
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Proposition 4.4. Let (X,Ty,<) be an upper intuitionistic Fuzzy smooth quasi uniform 
basically disconnected space. Let A C X be such that y*% is an intuitionistic Fuzzy smooth quasi 
uniform increasing open Fy, in (X,Ty,<). Let f :(A,T/A) > I;(J) be an (r, s) intuitionistic 
Fuzzy quasi uniform increasing continuous function . Then f has an (r,s) intuitionistic Fuzzy 
quasi uniform increasing continuous extension over (X, Ty, <). 

Proof. Let g,h : X — I;(J) be such that g = f = h on A and g(x) = (0,1) = 0%, 


h(x) = (1,0) =1~ if a ¢ A. For every t € R, We have, 


_ BeNx’, it>0; 
g (Ri) = 
15 ift <0, 
where B; is an intuitionistic Fuzzy smooth quasi uniform increasing open F, such that B,/A = 
f-"(Rj) and 
DiAxX%4, ift<1; 


h-*(Ly) = 
ier ift>1, 


where D; is an intuitionistic Fuzzy smooth quasi uniform increasing open F, set such that 
D,/A = f~(L/) . Thus, g is an lower (r,s) intuitionistic Fuzzy quasi uniform continuous 
function and h is an upper (r,s) intuitionistic Fuzzy quasi uniform continuous function with 
g Ch. By Proposition 4.3, there is an (r,s) intuitionistic Fuzzy quasi uniform increasing 
continuous function F' : X — I;(Z) such that g C F Ch. Hence F = f on A. 
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Abstract In recent years, open problem that found the number of integral points on a poly- 
tope in high dimension space are appeared. There are many reasons for considering structures 
in higher dimension, some of them practical and some are aesthetic. Our main purpose is to 
introduce a procedure in which it makes the operation of computing the factoring of N = p.q 
as easier as the direct computation fast, therefore, two approaches are working on for finding 
the number of integral points make benefit from the concept of the Ehrhart polynomial and 
its application on integral points on a polytope. Polytopes which are taken is the cube, and a 
map is making between a ball and a polytope in four dimension, then discuss the relation be- 
tween the number of integral points on a cube from dimension one to n dimension. We found 
a relation between the radius of the ball, the edge of the cube and the dimension together 
with Pascal triangle. Two different methods are used, but in this paper we present only one 
of them and the other we are working on. 

Keywords Polytope, lattice points. 
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§1. Introduction and preliminaries 


A wide variety of pure and applied mathematics involve the problem of counting the number 
of integral points (lattice points) inside a region in space. Applications in pure mathematics are 
number theory, toric Hilbert functions, Kostant’s partition function in representation theory and 
Ehrhart polynomial in combinatorics while the applied are: cryptography, integer programming, 
statistical contingency and mass spectroscope analysis. Perhaps the most basic case is when 
the region is a polytope (a convex bounded polyhedron). 

[5] shows that every arrangement of spheres (and hence every central arrangemen of hyper- 
planes) is combinatorially equivalent to some convex polytope, [9] proved that there is a relation 
between the number of lattice point on a sphere and the volume of it. In [14], although a four 
dimensional Euclidean geometry with time as the fourth dimension was already known since 
Galileo Galilei’s time, it was Einstein who showed that the fourth dimension, time, is essentially 
different from the other three dimensions. Therefore, his early creations were unrealistic. And 
yet, real 4D-objects have to exist, if the relativistic geometry is real. What do they look like? 
The difficult factorization problem for n = p-q with p and q large primes, presented as follows: 
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For an integer number n = p-q consider the 4-dimensional convex body B(N) = {x € R?: 
xi +43 +23 +27 < N}, thus if we know that N = p-gq, and B(N) denotes the number of 
lattice points in B(N). 


The fast factorization of n is based on fast computing of B(.N). And the application for 
this problem relates to RSA cryptosystems. Many optimization techniques involve a substep 
that counts the number of lattice points in a set S, that can be described by a set of linear 
constraints, ie. S is the intersection of z? and a rational polyhedron [!J, The problem of 
counting the number of elements in S is therefore equivalent to count the number of integral 
points in a polytope which implies that the count is finite (since the polytope is bounded 
polyhedron). Different algorithms are used to find the number of lattice points since 1980 
dates, all of them depend on the concept of integer programming for more see [2,3]. 


Some of the basic definitions needed to consolidate results are given as follows: 


Definition 1.1.!° Let Ax < b where A € R™*¢ is a given real matrix, and b € R™ isa 
known real vector. A set P = {a € R¢: Ax < b} is said to be a polyhedron. Every bounded 
polyhedron is said to be a polytope. 


Definition 1.2.!41 Let P Cc R1% be a lattice polytope, for a positive integer t, tP = {tx : 
X € Ph. 


Definition 1.3.!!5] Let P Cc R¢ be a lattice d-polytope. A map L : N —> N is defined 
by L(P,t) = card(tP N Z*), where card means the cardinality of (tPN Z“) and N is the set 


of natural numbers. It is seen that L(P,t) can be represented as, L(P,t) = 1+ Ne;t’, this 
polynomial is said to be the Ehrhart polynomial of a lattice d-polytope P. 


Theorem 1.1.!!°!(Pick’s theorem) For d = 2, P C R® and P is an integral polyhedron. 
The famous formula, states that: The number of integral points in an integral polyhedron is 
equal to the area of the polyhedron plus half the number of integral points on the boundary of 
the polyhedron plus one, |P() Z?| = area(P) + |OP() Z?|/2 +1. 


This formula is useful because it is much more efficient than the direct enumeration of 
integral points in a polyhedron. The area of P is computed by triangulating the polyhedron. 
Furthermore, the boundary P is a union of finitely many straight-line intervals, and counting 
integral points in intervals. 


Theorem 1.2.!](Ehrhart’s theorem) Let P be a convex lattice polygon and let t be a 
positive integer, the following equality always holds. |P( Z?| = area(P)t? + |OP() Z?|t/2 +1. 


Theorem 1.3.!!](Ehrhart - Macdonald reciprocity) Let P be a d-polytope in R¢ with 
integer vertices, let L(P,t) be the number of integer points in tP, and L(P,,t) be the number 
of integer points in the relative interior of tP. Then let L(P,t) and L(P,,t) are polynomial 
functions of m of degree d satisfy L(P,0) = 1 and L(P,,t) are polynomial functions of t of 
degree d that satisfy L(P,0) =1 and L(P,,t) = (—1)4L(P, -t). 


Theorem 1.4.!°](Jacobi 1829) The number of representations of N as a sum of four squares 
equates 8 times the sum of all divisors of N that are not divisible by 4. 
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§2. The proposed method 


The proposed method is given in this section is to give a procedure for computing the 
number of integral points in 4-dimensional ball which is depending on the Ehrhart polynomials 
of a polytope and its properties. 

Procedure 2.1. In this procedure we cover a ball in four dimension by a cube with 
edges a, and make use of the Ehrhart polynomial for the cube in 4-dimension. Approximately 
computing the number of integral points depend on the Ehrhart polynomials of the cube. First 
imagine a circle putting in first quadrant in a square with the same center with dimension two 
and get a general formula for the number of integral points include the radius of the circle and 
the edge of the cube which as follows: 

In dimension two, let a = the edge of the square, r = radius of the circle. 
Ncube=number of integral points on a cube. 

Ncircle=number of integral points on a circle. 
Now if a = 2 then r = 1 and Ncube=1. 
If a= 3 then r = 3/2 and Ncube=4. 

Combinatorialy the number of integral points on a circle is computed which is similar to 
the number of integral points on a cube. Continue in this computation until we reach to the 
general formula as follow: 

From the general formula of the Ehrhart polynomial for a cube, which is L(P,t) = (¢+1)” 
we have the number of integral points in a cube is (a — 1)?, where a is the edge of the square. 
We didn’t stop at this point but we want to of our computation and try to compute using 
Ehrhart polynomial for the square and then number of integral points by putting 1 in the 
Ehrhart polynomial as follows using theorem 2.1 


|P()Z?| = area(P)t? + |OP()Z?|t/2 +1, 


L(P,t) = 40 + 4¢ +1. 


The number of integral points is 9. 
The number that entirely in P, can be found by using 


L(P,t) = (-1)¢L(P, -t) = (-1)7[4-1? + 4-14 1] =1, 


and so on. For dimension 3, we put a ball in a cube also we get a general formula as we are 
obtained it in dimension two, and the results are compared with the Ehrhart polynomial. 


L(P,#) = (t+ 1)%, L(Po,#) = (t- 194, 
L( Po, 2t) = (2¢=—1)?, L(P), 2) = 1, 
L(Pp, 3t) = (8t — 1)*, L(Po, 3) = 8, 
L(Po,4t) = (4t — 1)*, L(Po, 4) = 27, 


L(Po, nt) = (nt — 1)? = number of lattice points in a sphere. 
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For dimension four, the general formula 
L(Po,t) = (t- 1)", 


L(Py, nt) = (nt —1)*. 


Table 1. Number of lattice points in dimension 2 
n]aj r_| Neube | Ncircle 
1};2) 1 1 1 
3 | 3/2 4 4 
4} 2 9 9 
5 | 5/2 16 16 
6] 3 25 25 
7 | 7/2 36 36 
8 | 4 49 49 
9 | 9/2 64 64 


Table 2. Number of lattice points in dimension 3 


n]aj r_| Neube | Ncircle 
1};2)] 1 1 1 

3 | 3/2 8 8 

4} 2 27 27 

5 | 5/2 64 64 

6] 3 5? a 

7 | 7/2 63 63 

8 | 4 ri c 

9 | 9/2 83 83 
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Table 3. Number of lattice points in dimension 4 
nja/ r Ncube | Ncircle 
1] 2 1 1 1 
3 | 3/2 a 24 
4| 2 a a 
5 | 5/2 44 44 
6] 3 be ie 
7 | 7/2 64 64 
8 | 4 ib i 
9 | 9/2 84 84 
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81. Introduction and preliminaries 
The inequalities of the type 


frl) fn42() — fr4i(a) <0 


have many applications in pure mathematics as in other branches of science. They are named 
by Karlin and Szegé in [8], Turdn-type inequalities because the first of these type of inequalities 
was introduced by Turan in [18]. More precisely, he used some results of Szegé in [17] to prove 
the previous inequality for « € (—1,1), where f,, is the Legendre polynomial of degree n. This 
classical result has been extended in many directions, as ultraspherical polynomials, Lagguere 
and Hermite polynomials, or Bessel functions, and so forth. Many results of Turan-type have 
been established on the zeros of special functions. 

Recently, W. T. Sulaiman in [15] proved some Turdn-type inequalities for some g-special 
functions as well as the polygamma functions, by using the following inequality: 


Lemma 1.1. Let a € Ri U {oo} and let f and g be two nonnegative functions. Then 


a a a 


(faesae)’ < (forage) (f ole) Pde) (a) 


0 0 0 


Let’s give some definitions for gamma and polygamma function. 


The Euler gamma function T(x) is defined for x > 0 by 


rie) = | io edt. 
0 
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The digamma (or psi) function is defined for positive real numbers x as the logarithmic 


d I” 
derivative of Euler’s gamma function, that is ~(«) = rs InT(a2) = 7 “ . The following integral 
x x 
and series representations are valid (see [2]): 
a: aa es 1 x 
—— dt = 2 
We)=—y+ [Seay eo cer, (2) 


where y = 0.57721--- denotes Euler’s constant. 
Euler gave another equivalent definition for the I'(a) (see [12,13]) 
plp* p 


La) = eye) ~ e+ 8) (4 2)’ Pew 8) 


where p is positive integer, and 
I(x) = lim T, (a). (4) 


po 


The following representations are valid: 


ria) = jy: (1 — 5) eat, 


oo mag tl _ eet) 
p(x) =Inp | Tae dt, 


ee ea co t™e—xt 7 
bh”) (2) = (-1) a pogill-e PY) dt. 
0 = 


Jackson defined the q-analogue of the gamma function as 


T,(x) = (Ete 1a), 0<q<l, (5) 
P(x) = 3 (g_ 1)-29(8), g > 1, (6) 
(q- 7g) 


where (4; g)oo = []jso(1 — aq’). 
The g-gamma function has the following integral representation 


T(t) = | at BO" dax, 
where EF = > E0 qa oy = (1+ (1— q)x)?°, which is the q-analogue of the classical expo- 
nential function. 
It is well known that P'y(v) — ['(x) and w(x) — o(x) as q— 17. 
Definition 1.1. For z>0, p€ N and for qgé€ (0,1), 


_ [plg [p]q! 
ge aa ae ”) 
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The (p, q)-analogue of the psi function is defined as the logarithmic derivative of the (p, ¢)- 


gamma function, and has the following series representation and integral representation: 


Pp gt tk 
W(p,q) (x) = —In[plq — logq >> Tq’ (8) 
k=0 
oe —axt 
Wep.a) (x) = In[pq / = (1 e P+) dy (t), (9) 
0 
nN ,—xt 
wey (2) =(-p" / re — e PD) dy, (t). (10) 
0 


where y(t) is a discrete measure with positive masses-log q at the positive points-k log q,k = 
1,2,--+ ie. 


co 


q(t) = —logq S~ d(t + klogqg), O<q<l. 
k=1 


In this paper, we give an extension of the main result of W. T. Sulaiman !"4], V. Krasniqi 
etc. [3] and C. Mortici [4I. 


§2. Main results 


Theorem 2.1. For n = 1,2,3,--- , let Wpaqjyn = we, be the n-th derivative of the 
function ~p.4). Then 
TY cyt ' 
oat (St 2) < Vi 9) m(@Y bq) nl0)> (11) 


where “+” is an integer, s > 1,++7=1. 
Proof. Let m and n be two integers of the same parity. From (10), it follows that: 


z£ y min F ymee (+H) _ 
Peay) ade |S ae =(-l1)strt SF (1 — e~ @FD*) dy, (t) 
5s ol l-e 
0 
m wat P the (St 
=(-)™ (Ff 
0 (a-e-t)’ 
= i tte (#)t = i 
(1—e Pt); z(l-e (P+1)t)t dy_(t) 


[com f PE Gergen]! 
eee) 
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Remark 2.1. Let p tends to oo, then we obtain Theorem 2.2 from [15]. On putting y = x 
then we obtain generalization of Theorem 2.1 from [15]. 

Another type via Minkowski’s inequality is the following: 

Theorem 2.2. For n = 1,2,3,--+ , let Yipq)n = ve, the n-th derivative of the function 


W(p,q): Then . 
x i 1 
(Yee.a)m(t) + Yoa.nl¥))” < BE g)m(®) + YE q)n()s (12) 
where “£" is an integer, p > 1. 
Proof. 
Since 


(a+b)? > a? +b’, a,b>0, p> 1, 


= ” a $MeW at 
(Ye.0).m(2) + tip.a)nl¥)) = [0 =) = (1 e C41) ay (t) 
0 
~ tre zt z P 
(=) oF = (1 —e oa) oul) 
0 
oes m _ at 1)? 
= / || 1)" nee ; (1 enerne)" x 
0 ise 


IA 
-—— 
° 
— 2 
-—i 
ree t 
— 
~~ 
3 
aft 
& 
— 
rele 
| 3/5 
% = 
ash!) 
SIH 
ia 
i 
{av} 
a 
3 
+ 
Be 
= 
= 
eee 
IR 
+ 


p P 


Oe fends 
/ i (1-e ee) ) oul) 
(2) 2 / aes (1 - om) an ; 
0 


cr tre zt - 
i: i—e (1 _ dnl) 
0 


1 1 
= Dop,q),m (2) + Vio,q),n¥) 


Remark 2.2. Let p tends to oo, then we obtain generalization of Theorem 2.3 from [15]. 


1 
P 


4(-1)" 
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Theorem 2.3. For every x > 0 and integers n > 1, we have: 


2 
1. If n is odd, then (exp vo (2)) > exp it) (x ) exp wer @ ); 


F (n) 2 (n+1) (n-1) 
2. If n is even, then (exp v(m (x )) < exp Vip.a) (x) exp Yip.q) (x). 


Proof. We use (10) to estimate the expression 


(n+1) (n-1) OOF as 
ay (x) Ylo,0) (x 2)+ Vea (2 Sy vias ime “(1 — e-*DY) dy, (t) 


2) l-e 
= (yt ( f e+ 7a - eH ay4(6) 
0 


Now, the conclusion follows by exponentiating the inequality 


. VOW (a) + ve) (a) 
a a> (& ) (p,q) 5 (p,q) 


as n is odd, respectively even. 
Remark 2.3. Let p tends to oo, q tends to 1, then we obtain generalization of Theorem 
3.3 from [14]. 
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81. Introduction 


In [1], Murthy introduced the concept of the Smarandache Cyclic Determinant Natu- 
ral Sequence, the Smarandache Cyclic Arithmetic Determinant Sequence, the Smarandache 
Bisymmetric Determinant Natural Sequence, and the Smarandache Bisymmetric Arithmetic 
Determinant Sequence. 

Circulant matrices are either right-circulant or left circulant. Hence, in particular, Smaran- 
dache Cyclic Determinant Natural Sequence and Smarandache Cyclic Arithmetic Determinant 
Sequence are examples of left-circulant determinant sequences. In general, a right-circulant 


determinant sequence, which we denote by {Mj }nen, has an n-th term of the form 


Co Cy C2 *** Cn-2 Cn-1 
Cn-1 Co C1 *** Cn-3 Cn—2 
+ 
M; = 
C2 C3 «Cg ttt Co Cy 
Cy C2 C3 ¢t* Cn Co 
That is, 
Co Ci CQ CZ 
Co Ci C2 
Co C1 c3 Co Cl OQ 
+1 
{My }= \col, >| C2 Co Cy }> ge PES. 
C1 Co C2 C3 Co Cy 
Cy C2 Co 


Cy C2 C3 CoO 
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Similarly, a left-circulant determinant sequence, which we denote by {M, }nen, is the 


sequence of the form 


Co 
Co Cy C2 
Co Cl C1 
{My} = 4 |col, >| C1 C2 Co}; 
C1 Co c2 
C2 Cy Co 
C3 


Cy 
C2 
C3 


co 


Cy 


c2 


In this note, we present two new examples of circulant determinant sequences. The first 


is the right-circulant determinant sequence with binomial coefficients and the second is the 


left-circulant determinant sequence with binomial coefficients. We also derive the formulas for 


the n-th term of the two sequences. Also, we determine the sum of the first n terms of each of 


the two sequences. 


§2. Main results 


In this section we provide a formal definition of the two circulant determinant sequences 


with binomial coefficients and derive the formula for their respective n-th term. 


Definition 2.1. The right-circulant determinant sequence with binomial coefficients, de- 


noted by {R,,}, is the sequence of the form 


1 2 1 
1 1 
{Rr} = |1|, »{1 1 2], 
1 1 
211 


Oo wo — 
Oo — — 


PF wo Ww 


FPF Wo WO FR 


In can be seen easily from the above definition that the circulant matrix {R,} = |c;;| where 


n—1 . . 
Cj = . (mod n) for all 7,7 =1,2,--+ ,n. 
j-i 


Definition 2.2. The left-circulant determinant sequence with binomial coefficients, de- 


noted by {L,}, is the sequence of the form 


1 

{iny= 4) - "|, fe 
n isl Be ae i 

1 


NO FP eR 
EF wo wo FR 
FP FEF wo w 


Obviously, the circulant matrix L, = |c;;| where cj; = 


1,2,--+,n. 


wo Re FF w 


wow wor Ff 


i-j 


(mod n) for all i,7 = 


We first prove the following lemmas before we proceed to our main results. 
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Lemma 2.1. The eigenvalues of a right-circulant matrix with binomial coefficients are 


given by 


: n—-1 
=a" Am = (1 +e" ) , 


for m= 1,2,--- ,n-1. 
Proof. Note that the eigenvalue of a circulant matrix is given by 


n-1 
ve = S- ae 
m=0 
So we have, 
n-1 
n—-1 Qnimk 
Am = ae en : 
k=0 k 

It follows that if m = 0, we have 

n-1 

n—-1 
o= ye = gn-1, 
k=0 k 
1 n-1 hi k 
For m = 1,2,--- ,n—1, we use the fact that (1+ 2)""* = $7) 9 x”. Hence, 
k 
n-1 
n—-1 nim \* nim \ 1 
Am = (e™ ) =(1+e™ ) 5 
k=0 k 


Lemma 2.2. For any natural odd number n we have, 


n-1 


I (ite) <4, 


m=1 


Proof. Let «=e be the n-th root of unity and consider the polynomial X” — 1. It is 


clear that 1, €,e?,--- ,€"~1! are exactly n distinct roots of X" — 1. Hence, we can express X” — 1 
as follows: 
n-1 
X” —1=(X—1)(X —6)(X -e)---(X —e""!) = ]] (X-e”). 
m=0 


But, X" —1=(X —1)(X"-14 X"-24...4 X24 X +1). It follows that, 


(x1) TE (Xe) = (K(X KEE EXPE GED, 


m=1 
Thus, 


[[ ie) = (er tt xh tt XP 4 X41). 
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Replacing X by —X and noting that n — 1 is even, we will obtain 


n-1 
[[ % +e") = (er ta xr xr 3. X41). 


m=1 


Letting X = 1, we have i omer +e™) =1. This proves the theorem. 

Now we have the following results. 

Theorem 2.1. The formula for the n-th term of the right-circulant determinant sequence 
with binomial coefficients, denoted by Ry, is given by 


R, — (1 a (-1)""*) gn-2 


Proof. We consider the two possible cases. 
Case 1. If n is even, say n = 2k for some k = 1,2,---, we have 
2k-1 2k-1 


Ro, = Il din = Il (1+ 6)" 
m=0 


m=0 
= (1 +e") (ite)... (1+ eH) (ites) 


2ni(2k—2) 2ni(2k—1) \ 7 2k-1 
(14 SE) (14 EX) 


= 0. 


Case 2. If n is odd, say n = 2k — 1 for some k = 1,2,---, we have, by virtue of Lemma 
2.4 


Qk-2 2k-2 2k—2 
RoR-1 = II ae TI (<3 a 1) — g2k-2 
m=0 


m=1 


Thus, for any natural number n, R, = (1+ (—1)"71)2"-?. 
Theorem 2.2. The formula for the n-th partial sum of the sequence {R,,}, denoted by 
RS, is given by 
4 a4 
——— 4 
Proof. Let RS,, be the partial sum of the first n terms of the right-circulant determinant 


RS), = 


sequence with binomial coefficients then 


n 


RS, = 5 ((1+(-1)*"1)2*? 


k=1 
[2] ig it 
= Ogee sO oa ee ip ye a 
k=1 k=1 
[S| 
= : (Ca ae 
k=1 
4l*s | —4 
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Remark 2.1. From the previous theorem, we can see that 3| (4b = 1) for all natural 
number n. 

Theorem 2.3. The formula for the n-th term of the left-circulant determinant sequence 
with binomial coefficients, denoted by L,,, is given by 


Ln —_ Giles (1 + (—1)""") gn-2 


Proof. It can be seen easily that R, = L, for n < 3. Now, for n > 3 we fixed the 
first row of R,, and apply the row operation R; @— Ry+2-; for 2 <i < [ae | obtaining 
Ly, = (-1)U"F IR. Thus, Ly = (-1) °F] (1+ (-1)"-7) 29-2. 

Theorem 2.4. The formula for the n-th partial sum of the sequence {L,,}, denoted by 
LS;,, is given by 


n+1 


_he(24 [| 
= : . 
Proof. Let LS, be the partial sum of the first n terms of the left-circulant determinant 


LS), 


sequence with binomial coefficients then 


n 


LS, = Spe la4 (pe 


2k-1 


= (apr : J (1 ¢ (-1)?-1)22@-D 


+ > (en DN ey (—1)2@-D) 2-1-1 


Remark 2.2. We can see clearly that from the previous theorem 5| (1 — (-4) LT) for 
all natural number n. 
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§1. Introduction 


i pat 
The integer d = |] pe is called an exponential divisor of n = [] pj if bjlai(¢ = 1,2,--- , 7), 
a i=1 


i=1 
denoted by d|en. By convention 1|¢1. 


Let 7°°)(n) = >> 1, which is firstly studied by M. V. Subbarao ?!, J. Wu |) and L. Toth ©! 
djen 
improved the mean value for r‘°)(n) later. And the best result at present belongs to L. Toth: 


S- (7 (n))” = Apa + £3 Por_o(log x) + O(a"**), 
n<u 


where r > 1 is an integer, P;(t) is a polynomial in t of degree 1, and 


<> (d(a))” = (d(a — 1)" el 

p a=2 

For k > 2, L. Toth |! also defined the function 7{(n) = [2% n de(ai), which is the 
generalization of r°)(n) . He proved that 


S- 1h? (n) = Cpa + 23 Qy_2(log x) + O(a***9), 
n<ux 


where Q(t) is a polynomial in ¢ of degree J, and 


_ . dy(a) — dz (a — 1) _ 2k-1 
Ce TIE 2 p2 ); Oe Ake A 


1This work is supported by National Natural Science Foundation of China (Grant Nos:10771127, 11001154), 
and Shan Dong Province Natural Science Foundation(Nos:BS2009SF018, ZR2010AQ009). 
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For k > 2, r > 1, L. Dong and D. Zhang |! recently proved that 


Si (n))” = Art + ©? Qur—o(log 2) + O(c +9), 


n<u 


where 


ee ( >) (dx(a))" ae ur) Bie —— 


P 


In this paper, we study r£)(n) over cube-full numbers and establish the mean value esti- 
mate for it. We have the following result: 


Theorem 1.1. Let 


1, ifn is cube-full, 
fg(n) = . 
0, otherwise, 
then 
S- r£(n) f3(n) = x3 P(log x) + x4 Q(log x) + x R(log r)+ O(a 4443400 eh, (1) 


n<u 


where P(logx), Q(loga) and R(log x) are polynomials in log x of degree 2, 5, 2. 
Notations: Throughout this paper, ¢ denotes a fixed but sufficiently small positive con- 


stant, the devisor function d(n) = >> 1, dy(n)= S21, and we denote f(x) < g(x) or 
n=ab n=M1:°"-ME 
f(x) = O(g(a)) for |f(x)| < Cg(a). 


§2. Proof of the theorem 


In order to prove our theorem, we need the following lemmas: 


Lemma 2.1. Suppose s is a complex number with Rs > 3 then 


3 74 (n) fa(n) 


n> 


Es) = = ¢°(38)¢°(48)¢° (5s) H(s), (2) 


n=1 


co h(n) 
n=1 ns? 


where H(s) can be written as a Dirichlet series H(s) = > 
gent for Rs > z 


which is absolutely conver- 


Proof. The function 7£(n) is multiplicative, so by the Euler product formula, for Rs > § 


we have 
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5 Pala) - TY A, POA , PAW . 
= [0+ sat get get get) 
= 0) TG + oe + gas + gat ) 
= (ayes) T+ ae + aes + -) 
= ¢9¢8)c%(45)6%68) TTC + pe to) 


= ¢°(3s)¢°(4s)¢°(5s) H(s), 


where H(s) = [],(1 + ae +.---). It is easily seen that H(s) can be written as Dirichlet 
series which is absolutely convergent for Rts > z. 
Lemma 2.2 Let 


ae nae pas, 
560 aSo5%) 
5-65 gt SOSH, 
i — ae 
1537-48900 42755: 
Os 10s ee 
eos 2 <0 <0.91591---, 
@nas 0.91591---<a0<1l-e 


Then i 
| Clo de) dt Tt, 
0 


Proof. See Theorem 8.4 of Ivic “4. 
Lemma 2.3. Let g(m), h(l) be arithmetic functions such that 


J 
S> glm = a2; (log x) + O(a ), So [AO ar), 
m<x j=l l<a 
where a] > Q2 >-:->asy >a>B>0, Pj(t)(j =1, 2, ---, J) are polynomials in t. If 


f(r) = Mem g(MA(I), then 


J 
S> f(r) = S52 Q;(log x) + O(*), 


na j=l 


where @,(t)(j =1, 2, --- , J) are polynomials in t. 
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Proof. See lemma 2.2 of [5]. 
Lemma 2.4. Suppose s = o + it, for ¢(s) we have 


(sy) +2) bog(lel +2), 3 sos 
1 


log(|t| + 2), 


Proof. We can get the first estimate by ¢(5 + it) < ({t| + 2)é, C(1 + it) < log(|t| + 2) 
and Phragmén-Lindelof Theorem. 
Now we prove our theorem. Let ¢3(3s)¢°(4s)¢3(5s) = >>_, glen) By Perron’s formula, 


we have 


ate+iT ¢3(/3¢)¢6(45)C3(58) 9 


277% Lei 8 


Shifting the contour to the segment from a9 — iT to 09 +1T (3 <09< =), by the residue 


theorem, we have 


S~ g(m) = 3 P (log x) + 27Q (log) + 2? R (logr) +h +h - 13+ O(c), 


mur 
where P’(log x), Q'(logx) and R' (log x) are polynomials in log x of degree 2, 5, 2, and 


Lor (3(38)¢8(48)63 (58)° 


ho= > : 
7 201 Joy—iT : 
1 et 03(3.5)C6(45)C9(58).2° 
Ae ds, 
271 ootiT . 
i L4e-iT C7 (Se)c" (4s) 07 (bsla* 
eee ds. 
270 Jogi ° 


By Lemma 2.4, we have 


a [~ (3(80 + 3iT)C (do + 4iT)C9(50 + SIT) 27 
00 T 
hte 


1 1 
5 a 
< log”’T (/ pe 168 98 de +f qe ee de +f rata) ; 
1 1 
70 5 a 


now set T = 2, so In < #7°**, We can get [3 < x7 by similar arguments. Now we go on to 


bound J;. 


1 73 1) -6 4 Agnye3 . 
ee roc f 6°(300 + 32t)¢°(400 + 4it)C? (500 + Sit) a 
0 


Vogt? 
i [ C3 (300 + ee Ait)C3(5o9 + 5it) re 
1 
a4 [ (3(300 + MCLE Ait)C3 (509 + dit) di), 
1 


< 9? 
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It suffices to prove 


T 
= . 63(300 + 3it)C° (400 + 44t)C3 (500 + 5it)dt < TT. (4) 
1 


Actually, suppose q; > 0(¢ = 1,2,3) such that a + 7 + - = 1, it follows from Holder’s 
inequality that 


T a / pv a fe ig 
h< ( / (300 + ain ( | KSA + ata) ( | (n+ sta) . 
1 1 1 


By Lemma 2.2, we take q; = m(3eo) | gy = m(fo0) gg = m{Soo) o = Fa = 0.18787--- to 
get (4), then I, < 7°T*. So we obtain 


> g(m) = a3P (log a) + 22Q (log x)+ oR (log a) + O(a 443900 +), 


m<uz 


We get from Lemma 2.1 that >7).,, |A())| < v6, then our theorem 1.1 follows from the 
Dirichlet convolution and Lemma 2.3. 
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§1. Introduction and preliminaries 


Let A denotes the class of functions of the form 
f(e)=2z+ >. anz”, (1) 
n=2 


which are analytic in the unit disc E = {z : |z| < 1}. Let S be the class of functions of the 
form (1) which are analytic univalent in E. 

We shall concentrate on the coefficient problem for the class S and certain of its subclasses. 
In 1916, Bieberbach |! proved that |ag| < 2 for f(z) € S as a corollary to an elementary area 
theorem. He conjectured that, for each function f(z) € S, |an| <n; equality holds for the 
Koebe function k(z) = z/(1 — z)*, which maps the unit disc E onto the entire complex plane 
minus the slit along the negative real axis from —+ to —oo. De Branges |®! solved the Bieberbach 
conjecture in 1984. The contribution of Léwner !!°! in proving that |a3| < 3 for the class S was 
huge. 

With the known estimates |az| < 2 and |a3| < 3, it was natural to seek some relation 
between a3 and a3 for the class $. This thought prompted Fekete and Szegé [6 and they used 
Lowner’s method to prove the following well-known result for the class S. If f(z) € S, then 


3— 4p, if u < 0; 
ay) 
Jaz — pua5| < 1+2en (2), if0<p<l, (2) 


4u — 3, ifu >t. 
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The inequality (2) plays a very important role in determining estimates of higher coefficients 
for some subclasses of S$ (see Chichra 4], Babalola 1). 

Next, we define some subclasses of S and obtain analogous of (2). 

We denote by S* the class of univalent starlike functions g(z) = z+ 7-4 b,z” € A and 
satisfying the condition 


1) 
R ( >0, zE£. 3 
42) " 
We denote by K the class of convex univalent functions h(z) = z+ )>°°4¢nz" € A which 
satisfies the condition 
(zh'(z))' 
n( ii(2) >0, zE#. (4) 
A function f(z) € A is said to be close to convex if there exists a function g(z) € S* such 
that 
/ 
x (2 a >0, ELE. (5) 
g(2) 


The class of close to convex functions is denoted by C' and was introduced by Kaplan §®), 
who showed that all close to convex functions are univalent. The immediate shoot of C are its 
following subclasses: 


ane {se) earn (E02) > 0, A(z) € K, ze}, (6) 
o'= {re arn(ELO") so, gayest, seh, (7) 
ct= {rea n( SOIT) 50 Me) eK, 2€B}. (8) 


Abdel Gawad and Thomas |"! investigated the class C; and also obtained (2) for —oo < 
pe <1 (although this result seems to be doubtful). 


Let U be the class of analytic bounded functions of the form 
w(z) = x dnz”,z2€ B, (9) 
n=1 


and satisfying the conditions w(0) = 0, |w(z)| <1. It is known (see [11]) that 
ldi| <1, |do| < 1 |di/?. (10) 


We shall apply the subordination principle due to Rogosinski [12] which states that if 
f(z) ~ F(z), then f(z) = F(w(z)), w(z) € U (where ~ stands for subordination). 

Hummel 7) proved a conjecture of V. Singh that |c3 — c3| < ; for the class K. Keogh and 
Merkes '°! obtained the estimates (2) for the classes S*, K and C. Estimates (2) for the classes 
Ci, C’ and Cc; have been waiting to be determined for the last 60 years. 
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§2. Preliminary lemmas 


Lemma 2.1. Let g(z) € S*, then 


Lt 
|b3 — bal te an 


This lemma is a direct consequence of the result of Keogh and Merkes !°! which states that 


for g(z) € S*, 


3 — 4p, 
|bs — wb] < 9 1, 
4u — 3, 
Lemma 2.2. Let h(z) € K, then 
7 Lae 
|e3 — 72 S ai 
se= 1, 


This lemma is a direct consequence of a result of Keogh and Merkes !°!, which states that 


for h(z) € K, 
1— p, 
leg — wel <9 2, 
pod, 


Unless mentioned otherwise, throughout the paper we assume the following notations: 


w(z) EU, ze £. 


For 0 < c < 1, we write w(z) = 2(¢¢4) so that 


§3. Main results 


Theorem 3.1. Let f(z) € C’, then 


1+w(z) 
1—w(z) 


19 9p rr 
9° 4? B= 97° 
64.5 16 2 
, ts eS 
819 2 3 
pe ra if ape? 
3 9 ee Gelaea 
Jaz — wa5| < a 
- , 
(94 — 8)? 8 32 
a > te eee 
9° 16-9 9 27 
2 4 
“Hf if Sus 5: 
9u 19 4 
Pe pe SS 
4. 9” fue 


=142ez+22774+---, where z € E. 


(11) 
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These results are sharp. 
Proof. By definition of C’, 


which on expansion yields 


1+ 4agz + 9agz? +--+» = (1+ Qboz + 3bgz7 +--+ )(1 + 2diz + 2(do + d?)z? +--+). 


Identifying terms in above expansion, 


1 
ag = 5 (b2 + di), (12) 
by 4 2 , 
Sa . 1 
a3 = + glad + g (42 + ai) (13) 


From (12) and (13) and using (10), it is easily established that 


3 
4 


* (8(1 — |i?) + [8 —9pllci/2), (14) 


1 
b3| 4 8 — 9p |bol|dy| 4 
p83] + E18 — 9ulallds| + = 


1 
lag — pa3| < 3 bs 


2 1 3 1 1 
mgt a 3] 4 2 1 
lag — a3] < = + = [bs — Jud3| + 18 — 9uley + =(18 - 9] -8)2”, (15) 
where x = |d,| < 1 and y = |b9| < 2. 


Case I. Suppose that u < 2. By Lemma 2.1, (15) can be written as 


2 1 Lb 
Jas — wag] <5 + (1-H) + 58 —9n)a — Fa” = Holz), 


then 


1 Eb ” LL 
A(x) = 9 (8 — 9H) ee A (x) = ~ ge 


Subcase I(i). For 4 < 0, since x > 0, we have Hj(x) > 0. Ho(«) is an increasing function 


19 9 
in (0, 1] and max Ho(1) = = — =. 
Subcase I(ii). Suppose 0 < p< §. H,(x) = 0 when x = 26) =o, and x > 1 if and 


only if  < 48, we have max Ho(x) = Ho(1) = 2 — °#. Combining the above two subcases, we 


obtain first result of (11). 
Subcase I (iii). For 58 < p< 3(ao < 1), since H, (x) < 0, therefore we have max Ho(2) = 


Ho(xo) = ae =a 


Case IT. Suppose that 4 << 8, then by Lemma 2.1, (15) takes the form 


2 
3 


1 1 Lb 
las — pag| <9 +3 + 9/8 — 9ula — Fa. 


Subcase II(i). 3 < ps < §. Under the above condition, from (15), we get 


ee ae ll 
Jas — pag| <9 +3 + 5(8—-9u)e— Fa" = Hi(2), 


then 


, 1 bt uw 
H,(x) = 9/8 — 9p) — Phare (a) =-= <0. 
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H,(x) = 0 implies that 2 = an = x, and max H,(x) = Hy(21) = 3+ Coen : 
Subcase II(ii). For 8 < p< 32, by Lemma 2.1, (15) reduces to 
_ (16-91) 5 


5 
lag — pas| < 9 + (Qu — 8)a 4 36.2 = Hp(x), 


then 


H, (x) = (9 — 8) — (0H —16)x, Hy (x) <0. 


H,(x) vanishes when x = ee = 2 <1 and max H2(x) = H2(x2) = 2 + eee 


Subcase II (iii). 32 < js < 4. (15) can be expressed as 


5 1 16 — 9 
Jas — pa] < 2 + £(9u—8)n—~ P99? = Ha(0), 
then 
' 1 1 
H(z) = 9 (94 — 8) — 73 (16 — 9n)z. 
H3(x) = 0 yields « = 70455} = x3 > 1 and max s(x) = Ha(1) = 3 — Z. 
Case ITI. , > $. By Lemma 2.1, (15) can be put in the form 
2 1 16 — 9 
lag — a8] <2 + (uw 1) + 5(9H ~ 8) — S99? = say (a, 
then 
' 1 1 
H,(x) = 5 (9u — 8) — 7316 — 9u)a, 
which vanishes at « = Age i = 4 > 1 and therefore max Hy(x) = H4(1) = oe - 2. 


The first and second inequalities of (11) coincide at ys = 5° and each is equal to f. 
The second and third inequalities of (11) coincide at ys = $ and each is equal to 55. 
The third and fourth inequalities of (11) coincide at ys = $ and each is equal to 2. 

The fourth and fifth inequalities of (11) coincide at = 32 and each is equal to 52. 


The fifth and last inequalities of (11) coincide at 4 = 4 and each is equal to §. 


Results of (11)are sharp for the functions defined by their respective derivatives in order 


as follows: 


[ (pz (1+t)? 
(lo Gneae) 
[ rig Crp treet at)| es 2(8—9y)_ 


( (1-t) Ou 
Gs Wen Uaeder ae] ohare d= 206590) 
[thc (1+ ae ~t) 2 dt al) where |t| < Bv5 


d 


2 (14t)(14+2et+2t? +... 2(9u—8 
f tired = at) where e = eS 


ss 
NN NN 
& 
Ne RS oS RS 
VIF Rl VIF ale ale 


The proof of the theorem is complete. 
Theorem 3.2. Let f(z) € Cj, then 
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4 
1- if u< -; 
B, ifu< 5: 
16 Rs 1 A ae 8 
S23) re = 
Bln 9 j=" = G 
_ g)2 
ape ey ta eS , fi<pss, 
3. 36(16 — 9p) 9 3 
Bu C=O ee! 16 
7 i SS 
4. 9 3 9 
1 if u> 0 
- if —. 
M ’ Hea 9 
These results are sharp. 
Proof. Proceeding as in Theorem 3.1, we have 
2 1 3 1 1 
lag — 03] <5 + gles — [ue3l + Zyl8—Mllealldal + sa(8—9ul—8)|GP. (16) 


Case I. Suppose that pp < $. By Lemma 2.2, and putting x = |di| < 1 and y = |c2| < 1,(16) 
reduces to 


3 4 
5b i M2 
(5 - £) + sy — swe - Go? = Hala), 
then a 
Pines Far en ee 
6 (2) 18 Q” 6 (2) 2 


When Hé(x) = 0, we have 8 — 94 = 9x = Ire. 

Subcase I(i). For u < 0, since x > 0 we have Hé(x) > 0. Suppose yp > 0. Since x < 1, 
Hé(x) > 4/9 —p > 0 if and only if p< 4/9. Then for wp < 4/9, we have Ho(x) < He(1) =1—p. 
Subcase I(ii). Suppose that 4 << §. Then max g(x) = He(26) = 16/814 + 1/9. 

Case IT. Suppose that § <ps< 2. By Lemma 2.2 and (16), 


1 ol 1 
Jas — waa] < 5 + 73 (9H — 8)a— 3. (16 — 9p)a* = Hr(2), 


then H/(x) = 0 when x = (9 — 8)/(16 — 9) = x7, and H4(x) = —(16 — 9y)/18 < 0. Since 
t7 <1, this is relevant only for p< 4. 
Subcase II(i). Suppose that 8 < py < 4. Then 


Subcase II(ii). If 4 <p < %, then H4(x) > 0, so H7(x) is a monotonically increasing 
function of « and max H7(x) = H7(1) = 3/4 — 5/9. 


Case III. Suppose that pp > 42. By Lemma 2.2, from (16), 


2 1/3 1 1 
— pa2| < 24 1) 4 16)2? = H, 
jas — wal] < 5+ 5 (8-1) + Fy(On— 8)e + 55 (9p — 16)0? = Hale), 
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we have Hé(x) > 0 and max Hg(x) = Hg(1) = w—1. 
This completes the proof. 
Extremal function f(z) for the first and the last results is defined by f;(z 


_ (8=9p) 
where c = on 


aly 


(1-#)? 


“2)] 


1-t)? 


Extremal function f2(z) for the second bound is defined by f,(z) = 4 I( : eae) 


Extremal function f(z) for the third bound is defined by f(z) = 4 I( f, 2 dat)], 


(94-8) 
16—9p * 


where c = 


Extremal function f4(z) for the fourth bound is defined by f(z) = + I( foat 5 


where |t| < 5va 


Proceeding as in Theorem 3.2 and using elementary calculus, we can easily prove the 


following theorem. 
Theorem 3.3. Let f(z) € Ci. Then 


2 
ao if S93 
2.1 Re o 
5 on re ge 
,_#, B= 2) 2 ee 

anes 4 Daag ge | 
a (34 — 2)° Be eu 
9° 12(4—3p)’ a ae he 
1 1 
T+ 2(u—1), if? <p< zi 
On 5 rere 
i fie 
i eg 


The results are sharp. 
Extremal function f(z) for the first and the last results is defined by fi (z 


Extremal function f2(z) for the second bound is defined by fo(z )=[( ie: a 


where c — (2=3#), 
3p 


Extremal function f3(z) for the third and fourth bound is defined by 
* (1+ 2ct + 20? +...) 
nta=|(f a) |, 
: 0 (1) 
where c = (2). 
2(4—3y1) ° 


Extremal function f,(z) for the fifth bound is defined by 


fa(z) = (foo io ytat) |. 
where |t| < ave 


Open problems on Fekete-Szeg6 inequality for the following classes: 


)= [(o 


(it) 


(i) C1(A, B) = {#2 A: £@) 4 1HAas blz) eK, -15 B<A<1, z€ E}, 


(1+t) 
Tt)? 


at) |. 


(14+2ct4+2t?+.. dat)], 
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(ii)C’ (A, B) = {6) A: GLa) ~ itAz g(z) € S*, -1<B<A<1,z€ el 


(iii)C” (A, B) = {F@) A; GH@) 2 tA (2) eK, -1<B<AK<1,z€ eh 


h’ (2) 14+ Bz? 
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Abstract In this paper we introduce a new class of sets called a-generalized regular weakly 
closed sets in topological space and discuss some of the basic properties of a-generalized 
regular weakly closed sets. This new class of sets that lie between the class of regular weakly 
closed (briefly rw-closed) sets and the class of generalized pre regular weakly closed (briefly 
gprw-closed) sets. 
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81. Introduction 


Levine 8) introduced generalized closed (briefly g-closed) sets in 1970. Regular open sets 
and regular semi-open sets have been introduced and investigated by Stone !?7] and Cameron 
[6] respectively. Benchalli and Wali |) introduced the concept of regular weakly closed sets 
in 2007. Sanjay Mishra et.al ?°! defined generalized pre regular weakly closed sets in 2012. 
Many researchers [?!-19.23,24,9] during the last decade have introduced and studied the sets like 
w-closed sets, mildly generalized closed sets, g*-closed sets, semi-closed sets and semi-pre closed 
sets and 7g-closed sets. 

In this paper, we define and study the properties of a-generalized regular weakly closed 
sets (agrw-closed) in topological space which is properly placed between the regular weakly 


closed sets and generalized pre regular weakly closed sets. 


§2. Preliminaries 


Definition 2.1. A subset A of a topological space (X,7) is called 
i) a preopen set "61 if A C int(cl(A)) and a preclosed set if cl(int(A)) C A, 
ii) a semi-open set |] if A C el(int(A)) and a semi-closed set if int(cl(A)) C A, 
iii) an a-open set [8] if A C int(cl(int(A))) and a a-closed set if cl(int(cl(A))) C A, 
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iv) a semi-preopen set ) (3-open ["J) if A C el(int(cl(A))) and a semi-preclosed ((3-closed !) 
if int(cl(int(A))) C A, 

v) regular open set [?2) if A = int(cl(A)) and a regular closed set 4! if A = cl(int(A)), 

vi) 6-closed set ?5] if A = clg(A), where clg(A) = {a € X: cl(U)NA#$O,U €7 and z € U}, 
vii) d-closed set 25) if A = cls(A), where cls(A) = {x € X : int(d(U))N A #4 ¢,U € 7 and 
x € U}, 

viii) 7-open set 9] if A is a finite union of regular open sets. 


The a-closure (resp. semi-closure, semi-preclosure and pre-cosure) of a subset A of X 
denoted by acl(A) (resp. scl(A), spcl(A) and pcl(A)) is defined to be the intersection of all 
a-closed sets (resp. semi-closed sets, semi-preclosed sets and pre-closed sets) containing A. 


Definition 2.2. A subset A of a topological space (X,7) is called regular semi-open [® if 
there is a regular open set U such that U C A C cl(U). The family of all regular semi-open sets 
of X is denoted by RSO(X). 


Definition 2.3. A subset A of a topological space (X,7) is called 
i) a generalized closed set (briefly g-closed) [17] if cl(A) C U whenever A C U and U is open, 
ii) a semi generalized closed set (briefly sg-closed) ©! if sel(A) C U whenever A C U and U is 
semi-open, 
iii) a generalized semi closed set (briefly gs-closed) ® if scl(A) C U whenever A C U and U is 
open, 
iv) a weakly closed set (briefly w-closed) [5] if cl(A) C U whenever A C U and U is semi-open, 
v) a weakly generalized closed set (briefly wg-closed) !7) if cl(int(A)) GC U whenever A C U 
and U is open, 
vi) a a-generalized closed set (briefly ag-closed) |4] if wel(A) C U whenever A C U and U is 
open, 
vii) a generalized semi-preclosed set (briefly gsp-closed) !!°l if spcl(A) C U whenever A C U and 
U is open, 
viii) a generalized preclosed set ( briefly gp-closed) !15] if pel(A) C U whenever A C U and U is 
open, 
ix) a regular weakly closed set (briefly rw-closed) |! if cl(A) C U whenever A C U and U is 
regular semi-open, 
x) a generalized pre regular weakly (briefly gprw-closed) ?°! if pel(A) C U whenever A C U 
and U is regular semi-open, 
xi) a mildly generalized closed set (briefly mildly g-closed) 9! if cl(int(A)) C U whenever 
ACU and U is g-open, 
xii) a strongly generalized closed set (briefly g*-closed) '?8) if cl(A) C U whenever A C U and 
U is g-open, 
xiii) a *g-closed set [3] if cl(A) C U whenever A C U and U is w-open, 
xiv) a w-closed set 4] if scl(A) C U whenever A C U and U is sg-open, 
xv) a regular weakly generalized closed set (briefly rwg-closed) !"7) if cl(int(A)) C U whenever 
ACU and U is regular open, 
xvi) a 6-generalized closed set (briefly 6-g-closed) [8] if clg(A) C U whenever A C U and U is 


open, 
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xvii) a 6-generalized closed set (briefly 6-g-closed) !) if cls(A) C U whenever A C U and U is 
open, 
xviii) a 7-generalized closed set (briefly +g-closed) 9 if cl(A) C U whenever A C U and U is 


7-open. 


§3. a-Generalized regular weakly closed sets 


Definition 3.1. A subset A of a topological space (X,7) is called a-generalized regular 
weakly closed [briefly agrw-closed] if acl(A) C U whenever A C U and U is regular semi-open 
n (X,7T). We denote the set of all agrw-closed sets in (X,7) by aGRWC(X). 

Theorem 3.2. Every w-closed set is agrw-closed. 

Proof. Let A be w-closed and A C U where U is regular semi-open. Since every regular 
semi-open set is semi-open and acl(A) C cl(A), acl(A) C U. Hence A is agrw-closed. 

The converse of the above theorem need not be true as seen from the following example. 

Example 3.3. Let X = {a,b,c,d} and r = {0, {a}, {b}, {a, b}, {a,b,c}, X}. Then A = {c} 
is agrw-closed but not w-closed in (X,7). 

Theorem 3.4. Every rw-closed set is agrw-closed. 

Proof. Let A be rw-closed and A C U where U is regular semi-open. Then cl(A) C U. 
Since acl(A) C cl(A), acl(A) C U. Hence A is agrw-closed. 

The converse of the above theorem need not be true as seen from the following example. 

Example 3.5. In Example 3.3, the set A = {c} is agrw-closed but not rw-closed in (X,7T). 

Theorem 3.6. Every a-closed set is agrw-closed. 

Proof. Let A be an a-closed set and A C U where U is regular semi open. Then 
acl(A) = A CU. Hence A is agrw-closed. 

The converse of the above theorem need not be true as seen from the following example. 

Example 3.7. Let X = {a,b,c,d} and t = {9, {a}, X}. Then A = {a} is agrw-closed but 
not a-closed in (X,7). 

Theorem 3.8. Every agrw-closed set is gprw-closed. 

Proof. Let A be an agrw-closed set and A C U where U is regular semi open. Since 
pel(A) C acl(A), pcl(A) C U. Hence A is gprw-closed. 

The converse of the above theorem need not be true as seen from the following example. 

Example 3.9. Let X = {a,b,c,d} and 7 = {0, {a}, {b,c}, {a, b,c}, X}. Then A = {b} is 
gprw-closed but not agrw-closed in (X,T). 

Theorem 3.10. Every closed set is agrw-closed. 

Proof. Every closed set is rw-closed |] and by Theorem 3.4, every rw-closed set is agrw- 
closed. Hence the proof. 

Theorem 3.11 Every regular closed set is agrw-closed. 

Proof. Every regular closed set is rw-closed 4] and by Theorem 3.4, every rw-closed set 
is agrw-closed. Hence the proof. 

Theorem 3.12. Every 6-closed set is agrw-closed. 

Proof. Every 6-closed set is rw-closed |] and by Theorem 3.4, every rw-closed set is 
agrw-closed. Hence the proof. 
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Theorem 3.13. Every 6-closed set is agrw-closed. 

Proof. Every 6-closed set is rw-closed |] and by Theorem 3.4, every rw-closed set is 
agrw-closed. Hence the proof. 

Theorem 3.14. Every z-closed set is agrw-closed. 

Proof. Every m-closed set is rw-closed 4! and by Theorem 3.4, every rw-closed set is 
agrw-closed. Hence the proof. 

Remark 3.15. The following example shows that agrw-closed sets are independent of 
g-closed sets, wg-closed sets, ag-closed sets, gs-closed sets, sg-closed sets, gsp-closed sets and 
gp-closed sets. 

Example 3.16. Let X = {a,b,c,d} and r = {0, {a}, {b}, {a, b}, {b, c,d}, X}. Then 
1. Closed sets in (X,7) are 0, {a}, {c,d}, {a,c,d}, {b,c,d}, X. 

2. agrw-closed sets in (X,7) areQ, {a}, {c}, {d}, {a,b}, {a,c}, {c,d}, {a,d}, {b, c,d}, {a,c, d}, 
{a,b,d}, {a,b,c}, X. 

3. g-closed sets in (X,7) are 0, {a}, {c}, {d}, {a,c}, {b,c}, {a,d}, {b,d}, {c,d}, {b, c,d}, 
{a,c,d}, {a,b,d}, {a,b,c}, X. 

4. wg-closed sets in (X,7) are, {a}, {c}, {d}, {a,c}, {a, d}, {b,c}, {b, d}, {c,d}, {b,c, d}, {a, 
c,d}, {a,b,d}, {a,b,c}, X. 

5. ag-closed sets in (X,7) are@, {a}, {c}, {d}, {a,c}, {a,d}, {b,c}, {b, d}, {c,d}, {b, c,d}, {a, 
c,d}, {a,b,d}, {a,b,c}, X. 

6. gs-closed sets in (X,7) are @, {a}, {b}, {ct}, {d}, {a,c}, {a,d}, {b,c}, {b, d}, {c,d}, {b, c,d}, 
{a,c,d}, {a,b,d}, {a,b,c}, X. 

7. sg-closed sets in (X,7) are @, {a}, {b}, {ct}, {d}, {a,c}, {a,d}, {b,c}, {b, d}, {c,d}, {b, c,d}, 
{a,c,d}, {a,b,d}, {a,b,c}, X. 

8. gsp-closed sets in (X,7) are Q, {a}, {c}, {d}, {a,c}, {a,d}, {b,c}, {b,d}, {c,d}, {b,c, d}, {a, 
c,d}, {a,b,d}, {a,b,c}, X. 

9. gp-closed sets in (X,7) are 0, {a}, {c}, {d}, {a,c}, {a,d}, {b,c}, {b, d}, {c,d}, {b, c,d}, {a, 
c,d}, {a,b,d}, {a,b,c}, X. 

Remark 3.17. The following example shows that agrw-closed sets are independent of 
g*-closed sets, mildly g-closed sets, semi closed sets, 7g-closed sets, 9-generalized closed sets, 
6-generalized closed sets, *g-closed sets, y-closed sets and rwg-closed sets. 

Example 3.18. Let X = {a,b,c,d} and r = {0), {a}, {d}, {a, b}, {a,b,c}, X}. Then 
1. closed sets in (X,7) are 0, {d}, {c,d}, {a,c,d}, {b, c,d}, X. 

2. agrw-closed sets in (X,7) are 0, {c}, {d}, {a,b}, {c,d}, {b,c,d}, {a,c,d}, {a,b,d}, {a, 
b,c}, X. 

3. g*-closed sets in (X,7) are 0, {d}, {a,d}, {b,d}, {c,d}, {b,c,d}, {a,c,d}, {a,b,d}, X. 

4. Mildly g-closed sets in (X,7) are, {d}, {a,d}, {b,d}, {c,d}, {b,c,d}, {a,c,d}, {a,b,d}, X. 
5. Semi closed sets in (X,7) are 0, {a}, {b}, {c}, {d}, {b,c}, {b,d}, {c,d}, {a,d}, {b, c,d}, fa, 
c,d}, X. 

6. mg-closed sets in (X,7) are 0, {c}, {d}, {b,c}, {b,d}, {c,d}, {a,c}, {a,d}, {b, c,d}, {a,c, d}, 
{a,b,d}, {a,b,c}, X. 

7. 6g-closed sets in (X,7) are 0, {d}, {c,d}, {b,d}, {a,d}, {b,c,d}, {a,c,d}, {a,b,d}, X. 

8. dg-closed sets in (X,7) are 0, {d}, {c,d}, {b,d}, {a,d}, {b,c,d}, {a,c,d}, {a,b,d}, X. 
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9. *g-closed sets in (X,T) are 0, {d}, {c,d}, {b,d}, {a,d}, {b,c,d}, {a,c,d}, {a,b,d}, X. 
10. ¢-closed sets in (X,7) are 0, {a}, {b}, {c}, {d}, {a,c}, {a,d}, {b,c}, {b,d}, {c,d}, {b, 
c,d}, {a,c,d}, X. 

11. rwg-closed sets in (X,7) areQ, {c}, {d}, {a,b}, {a,c}, {a,d}, {b,c}, {b,d}, {c,d}, {b,c, d}, 
{a,c,d}, {a,b,d}, {a,b,c}, X. 

Theorem 3.19. If A and B are agrw-closed then AU B is agrw-closed. 

Proof. Let A and B be any two agrw-closed sets. Let AU B C U and U is regular semi 
open. We have acl(A) C U and acl(B) C U. Thus acl(A U B) = acl(A) Uacl(B) C U. Hence 
AU B is agrw-closed. 

Remark 3.20. The intersection of two agrw-closed sets of a topological space (X,7) is 
generally not agrw-closed. 

Example 3.21. In Example 3.18, Then {a,b} and {b,c,d} are agrw-closed sets. But 
{a,b} 1 {b, c, d} = {b} is not agrw-closed in (X,7T). 

Theorem 3.22. If a subset A of X is agrw-closed, then acl(A) — A does not contain any 
non empty regular semi open sets. 

Proof. Suppose that A is agrw-closed set in X. Let U be a regular semiopen set such 
that U C acl(A) — A and U # §. Now U C X — A which implies A C X — U. Since U is 
regular semi open, X — U is also regular semiopen in X [4]. Since A is an agrw-closed set in 
X, by definition we have acl(A) C X — U. So U C X — acl(A). Also U C acl(A). Therefore 
U C acl(A) MN (X — acl(A)) = 9, which is a contradiction. Hence acl(A) — A does not contain 
any non empty regular semiopen set in X. 

The converse of the above theorem needs not be true as seen from the following example. 

Example 3.23. Let X = {a,b,c} and +r = {0, {b}, {c}, {b,c}, X} and A = {b}. Then 
acl(A) — A = {a,b} — {b} = {a} does not contain nonempty regular semiopen set, but A is not 
an agrw-closed set in (X,T). 

Theorem 3.24. For an element « € X, the set X — {x} is agrw-closed or regular semi 
open. 

Proof. Suppose X — {x} is not regular semi open. Then X is only regular semi open set 
containing X — {x} and also acl(X — {x}) C X. Hence X — {a} is agrw-closed set in X. 

Theorem 3.25. If A is regular open and agrw-closed, then A is a-closed. 

Proof. Suppose A is regular open and agrw-closed. As every regular open set is regular 
semi open and A C A, we have acl(A) C A. Also A C acl(A). Therefore acl(A) = A. Hence A 
is a-closed. 

Theorem 3.26. If A is an agrw-closed subset of X such that A C BC acl(A), then B is 
an agrw-closed set in X. 

Proof. Let A be an agrw-closed set of X, such that A C B C acl(A). Let B C U and 
U be regular semiopen set. Then A C U. Since A is agrw-closed, we have acl(A) C U. Now 
acl(B) C acl(acl(A)) = acl(A) C U. Therefore B is agrw-closed set. 

The converse of the above theorem need not be true as seen from the following example. 

Example 3.27. In Example 3.18. Let A = {c,d} and B = {b,c,d} are agrw-closed sets 
in (X,7). Thus any agrw-closed set need not lie between a agrw-closed and its a-closure. 

Theorem 3.28. Let A be an agrw-closed in (X,7T). Then A is a-closed if and only if 
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acl(A) — A is regular semi open. 

Proof. Suppose A is a-closed. Then acl(A) = A and so acl(A) — A = @, which is regular 
semi open in X. Conversely, suppose acl(A) — A is regular semi open in X. Since A is agrw- 
closed, by Theorem 3.22, acl(A) — A does not contain any non empty regular semi open in X. 
Then acl(A) — A =. Therefore acl(A) = A. Hence A is a-closed. 

Theorem 3.29. If A is both open and ag-closed then A is agrw-closed. 

Proof. Let A be an open and ag-closed. Let A C U and U be regular semiopen. Now 
AC A and by hypothesis acl(A) — A. Therefore acl(A) C U. Hence A is agrw-closed. 

Remark 3.30. If A is both open and agrw-closed, then A need not be ag-closed as seen 
from the following example. 

Example 3.31. In Example 3.18, the subsets {a,b} and {a, b,c} are agrw-closed and open 
but not ag-closed. 
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Abstract In this paper, some properties of generalized m-power matrices are firstly obtained. 
Also, relative properties of such matrices are generalized to some more general cases, including 


the generalized m-power transformations. 
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§1. Introduction 


The m-idempotent matrices and m-unit-ponent matrices are two typical matrices and have 
many interesting properties (for example, see [1]-[6]). 

A matrix A € C”*” is called an m-idempotent (m-unit-ponent) matrix if there exists 
positive integer m such that A” = A(A™ = I). 

In [1], we define generalized m-power matrices and generalized m-power transformations, 
and give two equivalent characterizations of generalized m-power matrices which extends the 
corresponding results about m-idempotent matrices and m-unit-ponent matrices. Also, we 
generalize the relative results of generalized m-power matrices to the ones of generalized m- 
power transformations. 

Recall by [1] that a matrix A € C”™*” is called a generalized m-power matrix if it satisfies 
that []j2,(A+ AL) = O, where 1, A2,--+ , Am are the pairwise different complex numbers. 

In this paper, we will also study some properties of generalized m-power matrices. Further, 
we will generalize relative properties of such matrices to some more general cases, including the 
generalized m-power transformations. 

For notations and terminologies occurred but not mentioned in this paper, readers are 
referred to [1], [2]. 
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§2. Properties of generalized m-power matrices 


In this section, we will discuss some properties of generalized m-power matrices. First, we 


introduce a lemma as follow: 


Lemma 2.1.5) Let f,(«), fo(x),--+ , fm(x) € C[z] be pairwisely co-prime and A € C”’*”. 
Then 7 - 
do rfl A)) = (m= 1)n + rT] (F(A). 
i=1 i=1 
Theorem 2.1. Let A,,A2,--+,Am be the pairwise different complex numbers and A € 


Cc”*". For any positive integer 1,k,m, if 


then 


r((A+AJ)') +r([ [(A+AD*) =n. 
i=2 
Proof. Take f;(x) = x+.A,(i=1,2,--- ,m), where A; # A; when i  j. Clearly, if i F J, 
then 


(fila), fi(@)) = (e+ Ai,e+ Aj) = 1. 


Also, since 
(fle), [] fe) = (@ +, [] @ +) = 1, 
i=2 i=2 
we have 


(f(@), T] fi(a))*) = 1. 


By Lemma 2.1, we can immediately get 
r((A+Aut)') + r(] [(A+ Aid*) =n. 
j=2 
By Theorem 2.1, we can obtain the following corollaries. Consequently, the corresponding 
results in [4] and [5] are generalized. 
Corollary 2.1. Let A € C”*%”. For any positive integers |,k,m, if A™ = I, then 


r((A-D!)+r(A™ 1+ Aanm? 4. +At)*) =n. 
Corollary 2.2. Let A € C”*”. For any positive integer 1,k,m, if A™+! = A, then 
r(A!) +r((A™ — 1)*) =n. 
Corollary 2.3. Let A € C”*” and A? = J. For any positive integer I, k, then 
r((A—I)')4+r((A+D*) =n. 
Corollary 2.4. Let A € C”*” and A? = A. For any positive integer 1, k, then 


r((A)) +r((A—D*) =n. 
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§3. Generalizations of generalized m-power matrices 


By the definition of generalized m-power matrix in [1], we know that a generalized m- 
power matrix A is a one which satisfies that []/",(A+ Ai) = 0, where 1, A2,--+ , Am are the 
pairwise different complex numbers. Note that J is invertible and commutative with A. Thus, 
naturally, we can consider such question: when we substitute J for B where B is invertible 
and commutative with A, whether can we get some similar results with the ones of generalized 
m-power matrices. 

In this section, we will consider such question, and study some generalizations of generalized 
m-power matrices. 

Lemma 3.1.!] Let A,B € C”*” satisfying that B is invertible and AB = BA. Assume 


that Ai, A2,-°: ,;Am € C are the pairwise different complex numbers, then 
r([[(A+.B)) = $5 (A+B) — (m—1)n. 
i=1 i=1 


Theorem 3.1. Let A,B € C”*” satisfying that B is invertible and AB = BA. Assume 


that 1, A2,--- , Am are the pairwise different complex numbers, then J] (A+ ;B) = 0 if and 
i=l 


only if > r(A+.A;B) = (m-—1)n. 


=, 
Proof. = Assume that [](A+\;B) = 0, by Lemma 3.1 we can get )> r(A + A,B) = 
i=1 i=1 
(m —1)n. 
< Assume that C = B~1A. Take fi(x) = x + A,(t = 1,2,--- ,m), where \; # A; when 
iA j. Clearly, (fi(x), f)(z)) =1ifi Az. By Lemma 3.1, 


3 r(C+AJ) = y r(B-1A+ AD) = (m—-1)n+ rie +A,f)). 
Also since 
3 r(A+XB) = 3 r(B(B1A+,1)) = - r(B-'A+XI) = (m—1)n, 


i=1 i=l i=l 


and AB = BA, we can get 


Thus, 
[[4+4.\2 =B" [[(o 1442) =0. 
i=1 i=1 

By the above theorem, we immediately get the following corollary. 

Corollary 3.1. Let A,B € C"*” satisfying that B is invertible and AB = BA. For any 
positive m, A™ = B”™ if and only if > r(A—«B) = (m-—1)n, where €1,€2,--+ ,Em are the m 
power unit roots. i 

Further, we also have the following result. 
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Lemma 3.2.!"] Let A1,2,-:: ,Am be the pairwise different complex numbers and A € 
CX", Then [J (A + A:L) = 0 if and only if $0", r(A+ AL) = (m—1)n. 

Theorem 3.2. Let A € C"*”. Assume that a1,02,:-- ,@m € C* and by, b2,--- bm € C 
satisfying a;b; A a,;b;(2,7 =1,2,--- ,m). Then il (a;A+b;I) = Oif and only if x r(a;A+b;L) = 
(m—1)n. = = 

Proof. => For any a1, @2,:+* ,@m € C* and by, b2,-++ , bm € C, assume that TI] (a:A+bi2) = 


0. Then we have 


[lat + 20) =0. 


i=1 


By Lemma 3.2, we have 


beat (A+ 41) =(m-—1)n. 
i=1 
Thus, 
So r(aiA + b:1) = Sorat 2 = (m—1)n. 
i=1 i=1 


< Take fi(x) = aja + bj, g(x) = a+ Bj =1,2,---,m), where be # ae while i 4 j. Then 
we have 
b; bj 


(9:(@), 9j(@)) = (a+ a + a =: 


By Lemma 3.1, we can get 


m m 


Sora + biL) = Yor(A + 2D = (m= 1)n-4 rT ](A + 0). 


i=1 i=1 i=1 
And by 
So r(aA + 1) = (m—-1) 
i=1 
we have 
m b; 
][4+—1=0 
i=l a 
Thus, 


m 


i=1 


§4. Properties and generalizations of generalized m-power 


transformations 


In this section, analogous with the discussions of the generalized m-power matrices, we will 


study some properties and generalizations of generalized m-power transformations. 
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Let V be a n dimensional vector space over a field F' and o a linear transformation on V. 


Recall by [1] that o is called a generalized m-power transformation if it satisfies that 


m 


[[(@ +0 = 9 
i=l 
for pairwise different complex numbers 1, A2,--: ,Am, where ¢ is the identical transformation 
and @ is the null transformation. Especially, o is called an m-idempotent (m-unit-ponent, 
respectively) transformation if it satisfies that 0” = a(o0™ = e, respectively.) 
Sine the following results and their proofs of generalized m-power transformations are 
similar with the ones of generalized m-power matrices in Section 2 and 3, we omit them here. 
Theorem 4.1. Let V be a n dimensional vector space over a field F, o a linear trans- 
formation on V, z the identical transformation and @ the null transformation. Assume that 


k,l,m € Z and Xj, A2,-:* ,Am are the pairwise different complex numbers. If 


m 


II + kj) = 0, 


i=l 


then 


m 
dim Im(o + ky)! + dim Im([ [(o + k)*) =n. 
j=2 

Corollary 4.1. Let V be a n dimensional vector space over a field F’, o a linear transfor- 
mation on V, z the identical transformation and @ the null transformation. For any k,!,m € ZT, 
if o™ =1, then 

dim Im(o — 1)! + dimIm(a”~1 +0™? 4---ta4)* =n. 

Corollary 4.2. Let V be a n dimensional vector space over a field F’, o a linear transfor- 
mation on V, z the identical transformation and @ the null transformation. For any k,l,m € ZT, 
if o™*! = o, then dim Im(o') + dim Im(a —1)*¥ =n. 

Corollary 4.3. Let V be an dimensional vector space over a field F’, o a linear transfor- 
mation on V, z the identical transformation and @ the null transformation. For any k,l € Zt, 
if o? = 1, then dim Im(o — 2)! + dim Im(a + 1)* =n. 

Corollary 4.4. Let V be an dimensional vector space over a field F’, o a linear transfor- 
mation on V, z the transformation identity and @ the null transformation. For any k,! € Z7, if 
o? =o, then dim Im(a!) + dim Im(a — 1)* =n. 

Theorem 4.2. Let V be a n dimensional vector space over a field F’, o a linear transfor- 


mation on V, 7 a invertible linear transformation on V, z the transformation identity and @ the 


null transformation. Assume that 1, A2,°-:,Am are the pairwise different complex numbers 
m 

and ot = To. Then [] (0 + &i7) = 0 if and only if 
i=1 


dim Im(a + k;7) = (m— 1)n. 


i=l 
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81. Introduction and preliminaries 


Ideals in topological spaces were introduced by Kuratowski |"! and Vaidya-nathswamy |??I, 


Jankovic and Hamlett !!°! defined *-closed sets, then *-perfect and *-dense in itself were obtained 
by Hayashi ©), Levine |?! introduced the concept of generalized closed sets in topological 
spaces and then Noiri and Popa !"6 had studied it in detail. The topological ideals and the 
relationship among J,-closed sets, g-closed sets and *-closed sets were introduced and studied 
in [8]. Navaneethakrishnan and Joseph (15] investigated g-closed sets in ideal topological spaces. 
Ozbakir and Yildirim defined m*-perfect, m*-dense in itself, m*-closed and m-I,-closed sets in 
ideal minimal spaces and studied the same in [18]. 

In this paper we introduce the filter 24] generalized topological spaces. However the pioneer 
of the notation of generalized topological spaces is Csaszar [1.2.4] then Csaszar 35-67] Min [4], 
Noiri and Roy [719] and Sarsak 2°! have studied it further. The definitions of p°-closed, 
p?-dense in itself, w°-perfect and p-F '-closed are given. We discuss some properties and 
characterizations of these sets, and determine the relationships between these sets with p-T 
spaces. 

Definition 1.1.4] A subcollection F (not containing the empty set) of exp(X) is called 
a filter on X if F satisfies the following conditions: 


1. AGF and AC B implies B € Ff, 
2. A, Be F implies AN Be F. 


A concept from monotone function has been introduced by Csaszar [7-4] on 1997. Using 
this notion topology has been reconstructed. The concept is, a map y : exp (X) — exp (X) 
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possessing the property monotony (i.e. such that A C B implies y(A) C y(B)). We denote by 
T(X) the collections of all mapping having this property. One of the consequence of the above 


[4:17.19] its formal definition is: 


notion is generalized topological space 

Definition 1.2. Let X be a non-empty set, and  C exp(X). yu is called a generalized 
topology on X if ¢ € yz and the union of elements of yw belongs to pu. 

Let X be a non-empty set and yu be a generalized topology (GT) on X, then (X, y) is 
called generalized topological space (GTS). [17-19:14,13.20] 

The member of yu is called w-open set and the complement of ji-open set is called p-closed 
set. A GT yp is said to be a quasi-topology on X if M,N € uw implies MON € pw. Again c, 
and i, are the notation of p-closure and p-interior !'719:2015] respectively. These two operators 
obeyed the following relations: 

Lemma 1.1.!7 Let (X,,) be a GTS and A C X, then 


1. ¢,(A) = X —i,,(X — A), 
2. c, and i, both are idempotent operators. 


Definition 1.3.!'°] Let (X,:) be a GTS. A subset A of X is said to be g,,-closed set if 
Cu(A) C M whenever AC M and M € p. 

Definition 1.4.[!9] Let (X,) be a generalized topological space. Then the generalized 
kernel of A C X is denoted by g-ker(A) and defined as g-ker(A) =N{G € w: AC GH. 

Lemma 1.2.!!°! Let (X,) be a generalized topological space and A C X. Then g-ker(A) 
={reEX: ce, ({z})NAF o}. 

If F is a filter on X, then (X, 14, F) is called a filter generalized topological space (FGTS). 


§2. Local function on FGTS 


Definition 2.1. Let (X, 1,7) be a FGTS. A mapping 2 : exp (X) — exp (X) is defined 
as follows: Q(A) C X by # € Q(A) if and only if « € Me wimply ANU € Ff. If M, =U{M: 
M € p} and x ¢ M,, then by definition x € (A). 

The mapping is called the local function associated with the filter F and generalized 


topology pu. 
Theorem 2.1. Let 4 be a GTS ona set X, F, J filters on X and A, B be subsets of X. 


The following properties hold: 
1. If AC B, then Q(A) C Q(B), 
2. If J CF, then Q(A)(J) € Q(A)(F), 


3. O(A) = ¢,(O(A)) S ey (A), 


6. (A) is a p-closed set. 
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Proof. (1) Let A C B. Assume that « ¢ Q(B). Then we have UN B ¢ F for some 
U € p(x). Since UN ACUNBand UNB ¢€ F, we obtain UN A € F from the definition of 
filters. Thus, we have 7 ¢ (A). Hence we have (A) € 2(B). 

(2) Let J C F and x € 2(A)( 7). Then we have UNA € J for every U € p(x). By hypothesis, 
we obtain UN AE F. Soa € Q(A)(F). 

(3) We have (A) C ¢,(Q(A)) in general. Let x € c,(Q(A)). Then Q(A) NU F 4¢, for every 
U € p(x). Therefore, there exists some y € 0(A)NU and U € u(y). Since y €E N(A), ANU € F 
and hence x € Q(A). Hence we have c,(Q(A)) € Q(A) and ¢,(Q(A)) = Q(A). Again, let 
x € ¢,(Q(A)) = Q(A), then ANU € F for every U € u(x). This implies ANU F @, for every 
U € w(x). Therefore, x € ¢,(A). This proves 2(A) = e,(Q(A)) C ¢,(A). 

(4) This follows from (1). 

(5) Let  € O(Q(A)). Then, for every U € p(x), UN Q(A) € F and hence UN Q(A) F ¢. Let 
y € UNQ(A). Then U € p(y) and y € Q(A). Hence we have UN A € F and x € Q(A). This 
shows that Q(Q(A)) € Q(A). 

(6) This follows from (3). 

Proposition 2.1. Let (X, u,F) bea FGTS. If Me uw, MNA ¢ F implies MNQ(A) = ¢. 
Hence (A) = X — M, if A ¢ F. 

Proof. Suppose « € MN Q(A), M € pu and « € 2(A) would imply MN A € F. Now 
Aé¢F implies MN A ¢ F for every M € wand « ¢ (A) when a € M,, thus 2(A) C X — M, 
on the other hand we know X — M,, € Q(A). 

Proposition 2.2. Let (X,u,F) be a FGTS. X = (X) if and only if u—{¢} CF. 

Proof. Assume X = Q(X). Then M € yw, M 4 ¢ would imply the existence of « € M and 
the x € Q(X) would furnish MN X = M € F so that uw — {¢} C F. Conversely, — {¢} C F 
implies M = Mn X € F whenever x € M € wso that ¢ € 2(X) for ¢ € X. Hence X = 2(X). 

Proposition 2.3. Let (X,u,F) be a FGTS. M € yw implies M C Q(M) if and only if 
M,N € py, MON ¢ F implies MNN = ¢. 

Proof. Assume M C 2(M) whenever M € ps. Ifa Ee MNN and M,N € pw then x € N(M), 
hence MON € F, consequently M,N € wand MON ¢ F can only hold when MON = ¢. 
Conversely, if the latter statement is true anda € Me ywthenzxe NE pimpliess MNN FZ 4, 
hence MN N € Ff, so that « € Q(M) therefore, MC O(M) whenever M € wp. 

Proposition 2.4. Let (X,u,F) be a FGTS. If A C X implies that Q(AUQ(A)) = (A). 

Proof. Let « ¢ (A) implies the existence of M € such that x € Mand MNA ¢ F. By 
Proposition 2.3 MNQ(A) = ¢. Hence MN(AUQ(A)) = MNA ¢ F. Therefore, « ¢ Q(AUQ(A)). 

Definition 2.2. Let (X,) be a GTS with a filter F on X. 

The set operator c® is called a generalized Q-closure and is defined as c?(A) = AUQ(A), 
for A C X. We will denote by p°(;F) the generalized structure, generated by c®, that is, 
p(y; F) = {U CX: c28(X —U) = (X—-U)}. p(y; F) is called Qu-generalized structure with 
respect to z and F (in short Qu-generalized structure) which is finear than p. 

The element of p°(y;F) are called p°-open and the complement of p°-open is called 
u°-closed. 

Theorem 2.2. The set operator c® satisfies the following conditions: 


1. AC cA), 
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2. c%(b) = ¢ and c?(X) = X, 

3. If A C B, then c®(A) C c®(B), 
A, (A) Uc®(B) C c&(AUB), 

5 (Ans) Ce Anes). 


The proofs are clear from Theorem 2.1 and the definition of c®. 
Proposition 2.5. Let (X,p,F) be a FGTS. Then F is p:°-closed if and only if Q(F) C F. 
Proposition 2.6. Let (X,u,F) bea FGTS. Then the following statements are equivalent: 


1. AC A(A), 


4. (A) = ¢,(A). 


Proof. (1) = (2) Since AU Q(A) = c®(A). 


Theorem 2.3. Let (X, 4,7) be a FGTS. The set {M—F: M € yp, F € F} constitutes a 
base B for u(y; F). 

Proof. Let M € py and F ¢ F implies M — F € p(y; F), since H = X —(M — F) = 
X—(Mn(X—F)) = (X—M)UF is p®-closed by x ¢ H if and only if r € M—F hence x € M 
and MN H = Mn((X —-M)UF) = MNF ¢ F so that x € 2(H), thus 0(H) C H. Hence 
BC uw? (u;F). If A € p2 (pu; F), then C = X — A is p®-closed, hence 0(C) C C. Thus x € A 
implies « ¢ C and x ¢ Q(C) so there exists M € uw such that  € M and F= MNC ¢€ F, 
therefore, x € M—F C X —C=A. Hence A is the union of sets in B. 

Theorem 2.4. Let (X,p,F) be a FGTS. Then p° (pu; F) C pu? (u2 (pu; F)). 

Proof. It is clear that w°(u;F) Cc w?(u? (pu; F)). 


§3. Generalized closed sets on FGTS 


Definition 3.1. A subset A of a FGTS (X, ys, F) is called u-F-generalized closed (briefly, 
pi-F’s-closed) if Q(A) C U whenever U is pz-open and AC U. A subset A of a FGTS (X, ps, F) 
is called u-F'-generalized open(briefly, u-Fy-open) if X — A is u-F'-closed. 

Theorem 3.1. If (X,p,F) is any FGTS (X, yu, F), then the followings are equivalent: 


1. If A is pu-F-closed, 
2. c®(A) C U whenever AC U and U is p-open in X, 


3. c®(A) C g-ker(A), 
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4. c°(A) — A contain no nonempty s-closed set, 
5. Q(A) — A contains no nonempty p-closed set. 


Proof. (1)=(2). If A is p-F-closed, then (A) C U whenever A C U and U is pu-open in 
X and so c®(A) = ANQ(A) C U whenever AC U and U is p-open in X. 
(2)=(3). Suppose 2 € c®%(A) and x ¢ g-ker(A). Then c,({xz}) A = ¢ (from Lemma 1.2), 
implies that A C X — (c,({ax})). By (2), a contradiction, since x € c®(A). 
(3)=(4). Suppose F C (c®(A))—A, F is p-closed and x € F. Since F C (c°(A))—A, FNA = ¢. 
We have c,,({z}) N.A = @ because F' is p-closed and z € F’. It is a contradiction. 
(4)=(5). This is obvious from the definition of c°(A). 
(5)=(1). Let U be a p-open subset containing A. Now Q(A)N(X —U) Cc Q(A)—A. Since 2(A) 
is a p-closed set and intersection of two j-closed sets is a p-closed set, then Q(A)N (X — U) is 
a p-closed set contained in Q(A) — A. By assumption, 2(A) M (X — U) = ¢. Hence we have 
Q(A) CU. 

From Theorem 3.1(3), it follows that every pi-closed is -Fy-closed. Since Q(F') = ¢ for 
F ¢ F, F is p-Fy-closed. Since Q(Q(A)) C (A), from definition, it follows that (A) is always 
pi-F'y-closed for every p1-F'-closed subset A of X. 

Theorem 3.2. Let (X,u,F) bea FGTS and AC X. If A is p-Fy-closed and p-open then 
A is p°-closed set. 

Proof. It is obvious from definition. 

Definition 3.2.2 A space (X, 1) is called p-T; if any pair of distinct points x and y of 
X, there exists a pi-open set U of X containing x but not y and a p-open set V of X containing 
y but not x. 

Theorem 3.3.9] A GTS (X, 1) is y-T, if and only if the singletone of X are p-closed. 

Theorem 3.4. Let (X,u,F) bea FGTS and AC X. If (X, ys) is a p-T) space, then A is 
u°-closed if and only if A is y-Fs-closed. 

Proof. It is obvious from the Theorem 3.1(3) and the Theorem 3.2. 

Theorem 3.5. Let (X,u,F) be a FGTS and AC X. If A is a p-Fy-closed set, then the 
following are equivalent: 


1. Ais a p®-closed set, 
2. c°(A) — A is a p-closed set, 
3. Q(A) — A is a p-closed set. 


Proof. (1)=(2). If A is u°-closed, then c?(A) — A = ¢ and so c®(A) — A is p-closed. 
(2)=(3). This follows from the fact that c®(A) — A = Q(A) — A, it is clear. 
(3)=(1). If Q(A) — A is p-closed and A is p-Fy-closed, from Theorem 2.1(5), Q(A) — A = @ 
and so A is °-closed. 

Lemma 3.1. Let (X,u,F) be a FGTS and A Cc X. If A is w®-dense in itself, then 
O(A) = c4(O(A)) = ey A) = (A). 

Proof. Let A be y-dense in itself. Then we have A C (A) and hence c¢,(A) C 
Cu(Q(A)). We know that Q(A) = ¢(Q(A)) C ¢,(A) from Theorem 2.1(3). In this case 
Cyu(A) = cy(Q(A)) = Q(A). Since N(A) = cy(A), we have c%(A) = cy (A). 
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It is obvious that every g,,-closed set Misa wk 's-closed set but not vice versa. The 
following Theorem 3.3 shows that for y°-dense in itself, the concepts g,,-closedness and p-Fy- 
closedness are equivalent. 

Theorem 3.6. If (X,p,F) isa FGTS and A is p-dense in itself, -F'y-closed subset. of 
X, then A is g,,-closed. 

Proof. Suppose A is a p°-dense in itself, u-F 'y-closed subset of X. If U is any p-open set 
containing A, then by Theorem 3.1(1), c?(A) C U. Since A is p°-dense in itself, by Lemma 
3.1, c¢,(A) C U and so A is g,,-closed. 

Theorem 3.7. Let (X,u,F) be a FGTS and A Cc X. Then A is y-F'-closed if and only 
if A= H — N where Z is p°-closed and N contains no nonempty p-closed set. 

Proof. If A is u-Fy-closed, then by Theorem 3.1(4), N = (A) — A contains no nonempty 
u-closed set. If H = c®(A), then H is °-closed such that H —N = (AUQ(A)) — (Q(A) — A) = 
(AU Q(A)) MN ((X — Q(A)) U A) = A. Conversely, suppose A = H — N where H is p-closed 
and N contains no nonempty s-closed set. Let U be a p-open set such that A Cc U. Then 
H—N CU which implies that HN (X —U) C N. Now A C F and Q(H) C H implies that 
Q(A)N(X —U) COVA) A(X —U) C HN(X -—U) CN. By hypothesis, since 0(A)N (X — U) 
is p-closed, (A) N (X — U) = ¢@ and so (2(A) C U which implies that A is p-F'y-closed. 

Following theorem gives a property of ji-F'y-closed sets and the Corollary 3.1 follows from 
Theorem 3.8 and the fact that, if A C B C Q(A), then Q(A) = 2(B) and B is °-dense in 
itself. 

Theorem 3.8. Let (X, 4,7) be a FGTS. If A and B are subsets of X such that AC BC 
c°(A) and A is p-Fy-closed, then B is p-F'-closed. 

Proof. Since A is pF y-closed, c°(A) — A contains no nonempty p-closed set. Since 
c°(B) — B c &®(A) — A, c?(B) — B contains no nonempty p-closed set and so by Theorem 
3.1(3), B is u-Fy-closed. 

Corollary 3.1. Let (X,,F) be a FGTS. If A and B are subsets of X such that A C 
BCQ(A) and A is p-Fy-closed, then A and B is g,,-closed. 

Theorem 3.9. Let (X,y,F) be a FGTS and A C X. Then A is p-Fy-open if and only 
if F c i®(A) whenever F is p-closed and F C A (where i® denotes the interior operator of 
(X,n)). 

Proof. Suppose A is p-Fy-open. If F is p-closed and F C A, then X —-ACX-F 
and so c?(X — A) C X — F. Therefore, F C i®(A) (from Lemma 1.1). Conversely, suppose 
the condition holds. Let U be a p-open set such that X — AC U. Then X —U Cc A and so 
X —U c i®(A) which implies that c®(X — A) C U. Therefore, X — A is y-Fy-closed and so A 
is p-F’r-open. 

Theorem 3.10. Let (X,p,) be a FGTS and A Cc X. If A is p-Fy-open and i°(A) C 
BCA, then B is pi-F-open. 

Proof. The proof is obvious from above theorem. 

The following theorem gives a characterization of j:-F'r-closed sets in terms of ju-F's-open 
sets. 

Theorem 3.11. Let (X,u,7) be a FGTS and A Cc X. Then followings are equivalent: 


1. A is p-Fy-closed, 
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2. AU(X —Q(A)) is w-F-closed, 
3. Q(A) — A is p-Fy-open. 


Proof. (1)=(2). Suppose A is y-F'-closed. If U is any p-open set such that (AU (X — 
0(A))) C U, then X —U Cc X — (AU (X — (A)) = (A) — A. Since A is w-Fy-closed, by 
Theorem 3.1(4), it follows that X -U = ¢ and so X = U. Since X is only p-open set containing 
AU(X —((A)), clearly, AU (X — Q(A)) is p-F'y-closed. 

(2)=(1). Suppose AU(X—Q(A)) is p-F'y-closed. If F' is any u-closed set such that FC Q(A)—A, 
then AU (X —Q(A)) C X — F and X — F is p-open. Therefore, (AU (X —Q(A))) CX -—F 
which implies that 0(A) UQ(X — (A)) C X — F and so Fc X — Q(A). Since F Cc Q(A), it 
follows that F = ¢. Hence A is p-F-closed. 

The equivalence of (2) and (3) follows from the fact that X — (Q(A) — A) = AU(X —Q(A)). 

Theorem 3.12. Let (X, 4,7) be a FGTS. Then every subset of X is u-Fy-closed if and 
only if every p-open set is p°-closed. 

Proof. Suppose every subset of X is pi-F'y-closed. If U is p-open, then U is p-F'-closed 
and so Q(U) C U. Hence U is p°-closed. Conversely, suppose that every p-open set is p°- 
closed. If A C X and U is a p-open set such that A C U, then Q(A) C Q(U) C U and so A is 
pi-F'-closed. 


§4.Generalized open sets on FGTS 
Definition 4.1. Let (X,u,F) be aFGTS and AC X. Then 
1. A€ a(ur) if AC i, (c?(é,(A))), 
2. A€ o(us) if AC e%(i,(A)), 


3. Ae n(us) if AC ip(c®(A)), 


4. AE B(us) if AC c®(i,(c?(A))). 
Lemma 4.1. Let (X,,F) be a FGTS, we have the following 
1. pC a(us) C o(ur) € Blur), 


2. up Ca(ur) C mur) C Bur). 


Definition 4.2. Let (X,p,F) be a FGTS. Then FGTS is said to be p-extermally 
disconnected if c®(A) € yw for AC X and AE p. 
Theorem 4.1. Fora GT yw. Then the following statements are equivalent: 


1. (X, wu, F) is p-extermally disconnected, 
2. i®(A) is p-closed for each p-closed set A C X, 
3. c%(i,,(A)) C i, (c®(A)) for each AC X, 


4. A € n(uF) for each A € o(F), 
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5. c®(A) € p for each A € B(uF), 
6. A € a(x) for each A € B(uF), 
7. A€ a(us) if and only if A € o(uF). 


Proof. (1) = (2). Let A be a p-closed set. Then X — A is p-open. By using (1), 
c(X — A) = X — i@(A) € w. Thus i? (A) is u-closed. 
(2) = (3). Let A C X. Then X —i,(A) is p-closed and by (2), i®%(X — i,,(A)) is p-closed. 
Therefore, c(i,,(A)) is p-open and hence ¢°(i,,(A)) C i,(e°(A)). 
(3) = (4). Let A € o(u). By (3), we have AC c?(i,,(A)) C i,(c®(A)). Thus, A € m(pz). 
(4) > (5). Let A € B(ur). Then c%(A) = c%(i,(c%(A))) and c®(A) € o(ur). By (4), 
c?(A) € m(ux). Thus c®(A) C i,,(c2(A)) and hence c?(A) is p-open. 
(5) => (6). Let A € B(ux). By (5), c®(A) = i,(c®(A)). Thus, A C €%(A) C i,(e%(A)) and 
hence A € m(pu¢). 
(6) = (7). Let A € o(yr), then A € G(r). Then by (6), A € w(x). Since A € o(per) and 
A€m(us), then A € alr). 
(7) = (1). Let A be a p-open set. Then c?(A) € o(f¢) and by using (7) c°(A) € a(pz). 
Therefore, c®(A) C i,,(e?(i,(c%(A)))) = in (e?(A)) and hence c?(A) = i,,(c%(A)). Hence c?(A) 
is u-open and (X, 4, F) is p-extermally disconnected. 

Proposition 4.1. Let (X,u,F) be a FGTS with pw be quasi-topology. If U € pu, then 
UNQ(A) =UNQ(UN A), for any AC X. 

Proof. It is obvious from Theorem 2.1. 

Theorem 4.2. Let (X,u,F) be a FGTS with pw be quasi-topology. Then the following 
statements are equivalent: 


1. (X, ps, F) is p-extermally disconnected, 
2. c®(A) Ney (B) C eu(AN B) for each A, BE p, 
3. c°(A) Ne, (B) = ¢ for each A,B € p with ANB= 4. 


Proof. (1) > (2). Let A,B € yw. Since c®(A) € w and B € p, then by Proposition 4.1, 

ce? (A) Ncu(B) © eu(e®(A)NB) C ey(e®(ANB)) C c,(ANB). Thus c%(A)Ne,y(B) C ey(ANB). 
(2) > (3). Let A,B € w with AN B= ¢. By using (2), we have e°(A) Ney (B) C ey(AN B) C 
cu(d) = b. Thus c®(A) NM ¢,(B) = ¢. 
(3) = (1). Let c®(A) Nc,(B) = ¢ for each A,B € p with ANB=4¢. Let F C X bea propen 
set. Since F and X — c(F) are disjoint y-open sets, then c?(F) N¢,(X — c?(F)) = ¢. This 
implies that c°(F) C i,(c°(F)). Thus, c?(F) is y-open and hence (X,p,F) is p-extermally 
disconnected. 

Theorem 4.3. The followings are equivalent for FGTS (X, ys, F): 


1. X is p-extremally disconnected, 


2. For any two disjoint p-open and p°-open sets A and B, respectively, there exists disjoint 
u°-closed and p-closed sets M and N, respectively, such that AC M and BC N. 
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Proof. (1) > (2). Let X be w-extremally disconnected. Let A and B be two disjoint 

w-open and p°-open sets, respectively. Then c?(A) and X — c®(A) are disjoint °-closed and 
p-closed sets containing A and B, respectively. 
(2) = (1). Let A be an p-open subset of X. Then, A and B = X — c®(A) are disjoint y-open 
and p°-open sets, respectively. This implies that there exists disjoint °-closed and pi-closed 
sets M and N, respectively, such that A C M and B C N. Since c®(A) C c?(M) = M C 
X-NCX-B=c"(A), then c®(A) = M. Since BC NC X —-M=B, then B=N. Thus, 
c2(A) = X — N is p-open. Hence, X is p-extremally disconnected. 
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Abstract In the paper [1], the following problems have been proposed. Is it true that 
every connected bicritical graph has a minimum dominating set containing any two specified 
vertices of the graphs? Is it true if G is a connected bicritical graph, then 7(G) = 7(G), where 
i(G) is the independent domination number? We disprove the second problem and show the 
truth of the first problem for a certain family of graphs. Furthermore this family of graphs is 


characterized with respect to bicriticality, diameter, vertex connectivity and edge connectivity. 


Keywords Domination number, bicritical, diameter, connectivity, circulant graph. 


§1. Introduction and preliminaries 


In this paper, we concerned only with undirected simple graphs (loops and multiple edges 
are not allowed). All notations on graphs that are not defined here can be found in [7]. 

We denote the distance between two vertices x and y in G by dg(a,y). The connectivity 
of G, written «(G), is the minimum size of a vertex set S such that G-S is disconnected or 
has only one vertex. A graph G is k-connected if its connectivity is at least k. A graph is 
k-edge-connected if every disconnecting set of edges has at least k edges. The edge-connectivity 
of G, written (G), is the minimum size of a disconnecting set. 

Let G = (V,£) bea graph. A set S C V is a dominating set if every vertex in V is either 
in S or is adjacent to a vertex in S, that is V = Uses N|s]. The domination number 7(G) is the 
minimum cardinality of a dominating set of G and a dominating set of minimum cardinality is 
called a y(G)-set. 

A dominating set S is called an independent dominating set of G if no two vertices of S 
are adjacent. The minimum cardinality among the independent dominating sets of G is the 
independent domination number i(G). 

Note that removing a vertex can increase the domination number by more than one, but 
can decrease it by at most one. We define a graph G to be (4, k)-critical, if y(G — S$) < 7(G) 
for any set S of k vertices. Obviously, a (y, &)-critical graph G has 7(G) > 2. The (74, 1)-critical 
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graphs are precisely the domination critical graphs introduced by Brighman, Chinn, and Dutton. 
The (7, 2)-critical graphs are precisely the domination bicritical graphs introduced by Brigham, 
Haynes, Henning, and Rall. We call a graph critical (respectively bicritical) if it is domination 
critical (respectively, domination bicritical). Further, we call a graph 4-critical (respectively 
4-bicritical) if it is domination critical (respectively, bicritical) with domination number y. For 
more details see [1-6]. 

The circulant graph C,,41(1,4) is the graph with vertex set {vo,v1,--: , Un} and edge set 
{Viti4.j(moa n41)|é € {0,1,--- ,n}} and 7 € {1, 4}. 

The authors of [1] stated the following Observation and Problems: 

Observation 1.1. For a bicritical graph G and x, y € V(G), 7(G)-2 < 7(G-{z,y}) < 
VUG)-1. 

Problem 1.1.!!! Is it true that every connected bicritical graph has a minimum dominating 
set containing any two specified vertices of the graphs? 

Problem 1.2." Is it true if G is a connected bicritical graph, then 7(G) = i(G), where 
i(G) is the independent domination number? 

The Problem 1.2 is rejected by counterexample G = C,,41(1,4) once n+ 1 = 4(mod 9). 
We prove that the circulant graphs G = Cy,41(1,4) with n + 1 = k(mod 9) for k € {3,4,8} are 
bicritical and 7(G-{x, y}) = 7(G)-1 for any pair x, y in V(G). We answer the question posed 
in Problem 1, in the affirmative for these graphs. 


§2. Preliminary results 


We verify domination number of certain graphs to achieve the main results. 

Observation 2.1. Any 5k vertices such as {v;, ¥j41,°°+ , Vi+5~—1} from C,41(1, 4), cannot 
be dominated by any & vertices for which k < n/5. 

Lemma 2.1. Let G = (Cy41(1,4)) be a circulant graph. Then the average of domination 
number is at most 3. 

Proof. Let v; and v,; be two vertices of a 7-set S where i < 7 (mod n+ 1) and for any 
k, (t< k <j), up ¢ S. There are some cases, once v;, v; have common adjacent vertex or 
j—t=IU(mod n+1) where / ¢ {1,2,3,4,5, 8}. 

Let v; and v; be adjacent or dominate a common vertex, i.e, | € {1,2,3,4,5,8}, then they 
dominate at most 9 vertices. 

Suppose that 1 ¢ {1,2,3,4,5,8}. Let 1 = 6. Then the vertex vj;3 is not dominated by 
vu, and vj. For dominating v;j+3 there must be one of vj47 or vj-; in S. Each of vj447 or vj_-1 
dominates at most three new vertices {vi+3, Vi-g, Viti} or {Vj_-5, Vi-2, Vig3} respectively that 
have not been dominated by v;, vj. So in this case, 3 vertices {v;,v;,ui-1} or {vi, vj, Vi47} 
dominate 13 vertices. 

Let 1 = 7. Then the vertices vji2, viz5 are not dominated by v; and vj. For dominating 
Vi42, Vit5 there must be two vertices uj-2, Vig in S. Each of vj~2 or vji49 dominates four 
new vertices {v;_6, Vi-3, Vi-2, Vit2} Or {Ui+45, Vito, Vit10, Vit13} Tespectively. Hence 4 vertices 
{U;i, Vj, Vi-2, Vitg} dominate 18 vertices. 
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Let 1 ¢ {1,2,3,4,5,6,7,8}. Then the vertices {v;+19, Vics, Vidi—2, Viti-3} are not dom- 


inated by vj and v;. For dominating these vertices the set S must contain the vertices 


{vj_-2, Vi-1, Vigt41, Vi4142}. Theses four vertices dominate twelve new vertices {v;_6, U;_3, Vi42; 
Oj 8 Vi-d, Vira, Vita) Vip, ides V2, Vi 143, Diai4+6}. Thus six vertices {[vj,0;, U2, vii, 
Uiti+1, Vitl+2} dominate 22 vertices. Anyway, the average of domination number is at most 3. 

Observation 2.2. Let G = C,41(1,4)) and n+1 = 9m+k where 0 < k < 8 and 
S, = {vo9i, Voip2| 0 << i < m-—1}(mod n+ 1). If k = 1, then $; dominates 9m — 1 vertices. 
Otherwise S; dominates 9m vertices. 

Proof. By Lemma 2.2, S; dominates the most vertices in the among sets of vertices with 
cardinality |S;|. Let k 4 1. Any two vertices v9;, V9i+2 dominates nine vertices {v9i_4, Voi—1, Voi; 
Vo9i41, Voit; V9i-2, V9i+2, V9i+3, Voite} (mod n+ 1) and two vertices V9(m—1)+2;00 = Yom+r do 
not dominate any common vertex. Thus S; dominates 9m vertices. Now, let k = 1. Two 
vertices V9(m—1)+2; Yo = Vom41 (mod n+ 1) dominate a common vertex v,_3, so 4 vertices 
Vo, V2; V9(m—1) aNd Vg(m—1)+2 dominate 17 vertices. Thus S$; dominates 9m — 1 vertices. 

Observation 2.3. Let G = C,41(1,4). Let S$; be same as in the above Observation and 
V, be a subset vertices of V(G) that are dominated by S;. Then M = V(G) — Vj is as follows. 

Ifk =0, then M = 9. Ifk =1, then M = {vp_4, Un_2}. If k = 2, then M = {vupn_5, un_a}. 
If k = 3, then M = {vn_6, Un—4, Un_2}. If k = 4, then M = {vn_7, Un_5, Un—4, Un—2}. Ik =5, 
then M = {vn—g,Un—6,Un—5;Un—4; Un—2}. If k = 6, then M = {vn_g, Un—7, Un—6; Un—5; Un—4; 
Un—-2}. If k = 7, then M = {vpn_—10, Un—s, Un—7; Un—6; Un—5; Un—4; Un—2}. If k = 8, then M = 


{un 11, Un—9; Un—8; Un—7; Un—6; Un—5; Un—4; Un a}. 


Now, we are ready to prove the following main theorem: 
2|24*], n+ 1 = 0(mod 9); 
2|2t4|)+3, n+1= 8(mod 9); 


Theorem 2.1. 7(Cn41(1,4)) = 4 2["F*) +1, n+1=1 or 2(mod 9); 
3, n+1=13; 
2|2)+2, ow. 


Proof. Let G = Cy11(1,4) with vertex set {vo,U1,°°: , Un}. If G = Ci3 (1,4), obviously 
the set S' = {vo, v6, v7} is a y-set, so y(Ci3(1,4)) = 3. 

By Lemma 2.1 and Observations 2.2, 2.3, for n +1 = 9m+k where 0 < k < 8 the set 
Sy = {v9i, Voit2| 0< i < m—1} (mod n+1) is a minimum dominating set for G-M where 
has been specified by Observation 2.4 and |S;| = 2|"¢+]. 

If n+ 1= 0(mod 9), then M = 9 and S$; is a y-set of G and y(G) = 2|"¢*]. 
Ifn +1 = 1(mod 9), then M = {vp_4, Un—2} and S) U {un_3} is a y-set of G and 7(G) = 


2[ 7" | +1. 
If n +1 = 2(mod 9), then M = {vn_5,Un—2} and S) U {un_¢} is a y-set of G and 7(G) = 
2[ "| +1 


If n+ 1 = 3(mod 9), then M = {vp_6, Un—4, Un—2} and S) U {Un—4, Un—6} is a 7-set of G 
and +(G) = 2| 24+] + 2. 

Ifn +1 = 4(mod 9), then M = {vpn_7, Un—5, Un—4, Un—2} and Sy U {Un—4, Un—6} is a y-set 
of G and 7(G) = 2["4*| +2. 
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If n+ 1 = 5(mod 9), then M = {vn_—g, Un—6, Un—5; Un—4; Un—2} and $1 U {vp_4,Un—6} is a 
y-set of G and 7(G) = 2|"4*| +2. 

Ifn+1 = 6(mod 9), then M = {vpn_9, Un—7, Un—6, Un—5; Un—4; Un—2} and $1 U {Un—5, Un—6} 
is a y-set of G and 7(G) = 2|2 | +2. 

If n+1 = 7(mod 9), then M = {vUpn—10, Un—s, Un—7; Un—6; Un—5; Un—4; Un—2} and Sy U 
{Un—6,Un—s} is a y-set of G and 7(G) = 2 2¢+| + 2. 

If n +1 = 8(mod 9), then M = {vp—11, Un—9, Un—8; Un—7; Un—6; Un—5; Un—4; Un—2} and $1 U 
{Un—5,Un—6) Un—7} is a y-set of G and y(G) = 224+] + 3. 


§3. On the problems 1.1 and 1.2 


In this section we discuss on the Problems 1.1 and 1.2. 

Note that 7(Ci3(1,4)) = 3. It is easy to see that y(C13(1,4) — {x, y}) > 3 for any z, y € 
V(Cn41(1,4)), because |V(Ci3(1, 4) — {x, y})| = 11. Hence the graph C13(1, 4) is not bicritical. 

Theorem 3.1. The graph C,41(1,4) is bicritical for n + 1 = 9m +4, (m > 2) and 
n+1=9m+3, n+1=9m+8, (m> 1). 

Proof. Let G = C,,41(1,4) and V(G) = {0,1,--- ,n}. Let S be a y-set of G as introduced 
in Theorem 2.5 and U be an arbitrary subset of V(G) with cardinality 2. It is sufficient to 
prove that y(G—U) < |S| for U = {x,y} and de(a,y) < |%**| where k = 3, 4, 8, for another 
amounts it is symmetrically proved. Note that without loss of generality, we may assume that 
x = 0 and y is an arbitrary vertex which satisfies in dg(0,y) < |2"5**| (we provide the proof 
for y € {1,--- , [M**|}). Let n+ 1 =9m +3. First we prove for n + 1 > 30. 

Let Fy = {| 24? || 3 <t < m}, Fy = {| 22] +2] 3 < s < mand s is odd} and F = {5,7}. 

Let U = {0,7} where j € F,. Then j = 91+5 or j = 91+ 10 for some /. If 7 = 91+5 we assign 
So = {91+5, 91+7|0 <i <1—-1}U{j—-3 = 914 2}U{74+34+9k, 74+54+9k|0<k <m—(1+1)} 
to G—U. If 7 = 91+ 10 we assign Sp = {91+5,914+ 7/0 <i <IJU{j-3=914+ 7} U{j +34 
9k, 7 +54+9kK|0<k <m—(1+2)}U{n—-1} toG—U. 

Let U = {0,7} where j € Fy. Then j = 91+7 for some |. We assign So = {9k+3,9k+5|0 < 
k<m-—-1}U{n-2} to G—U. 

Let U = {0,5}. We assign So = {3}U{9k+10, 9k+12| 0 < k < m—2}U{10+9(m—-1), 9m} 
to G—U. 

Let U = {0,7}. We assign Sp = {4} U {9k + 10,94 +12] 0< k < m— 2}U {9m, 9m 4 1} 
to G—U. 

Finally, let U = {0,7} where j ¢ Fi U Fo U F3. We assign So = {9K +5,9K +7/0<k < 
m—1}U{9m+ 1} toG—U. 

It is easy to verify that |So| = 2|5] +1 and all vertices of G—U are dominated by So. 
Then, Theorem 2.5 implies that y(G — U) < 7(G), hence G is bicritical with |V(G)| > 30. 

Now, we show the truth of the two remaining cases: ie. n+ 1 = 12 andn+1 = 21. 
For n+ 1 = 12, we consider {2,5,7} with U = {0,7} and 7 € {1,3,4,6,8,9,10,11}. Also we 
consider {3,6,9} with U = {0,7} and 7 € {2,5, 7}. 

For n+ 1 = 21, we assign So = {5,7,14,16,19} to G—U with U = {0,7} and 7 ¢ 
{5,7, 14, 16,19}. We consider So = {3, 7,9, 16,18} for G—U with U = {0,7} and 7 € {5,14}. 
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Finally we assign So = {3,5,12,14,18} to G—U with U = {0,7} and j € {7,16,19}. Hence 
|So| = |S| —1 forn+1=9m+3. 

Let n+1=9m+4> 22. Let F = {| 253], [PS | +2) r is odd and r > 1}. 

Let U = {0,7} with 7 © FU{2}. We assign Sp = {94 +5, 9k+7|0< k < m—1}U{n—-1} to 
G-U. Finally, let U = {0,7} with 7 ¢ FU{2}. We assign the set Sp = {2}U{9k+6,9k+8] 0 < 
k<m-—1}to G-—U. It is easy to see that |So| = y(C,41(1,4)) — 1 for n+1=9m+4. 

Let n+1=9m+8. Let F = {{ 2], |24*7| + 2| r is even and r > 0}. 

Let U = {0,7} with j € F. Then G—U is dominated by Sp = {9k +j+3,9k+j+5/0< 
k <m,(mod n+ 1)}. Finally let 7 ¢ F’, we assign the set Sp = {9k + 3,9k +5| 0< k < m} to 
G —U. It is easy to see that 2m + 2 = |So| = 7(Cn41(1,4)) — 1 wheren+1=9k +8. 

Therefore C,,41(1,4) is bicritical for n +1 € {9m + 3,9m + 4, 9m + 8}. 


As an immediate result we have the following that shows the above bound of Observation 


A is sharp for circulant bicritical graphs. 

Corollary 3.1. Let G = C,41(1,4) be bicritical then y(G — {z,y}) = y(G) — 1 where 
x, ye V(G). 

Theorem 3.2. The graph C,41(1,4) with n > 8 is not bicritical where n + 1 = I(mod 9) 
and J € {0,1,2,5,6, 7}. 

Proof. Let S be the 7-set of G = C,41(1,4) with structures in Lemma 2.1, Observations 
2.2, 2.3 and Theorem 2.1. We consider the following. 

Let n +1 = 9m. Then 7(G) = 224 = 2m. If U = {z,y}, then |V(G-U)| =n-1= 
9(m —1) +7. Since the average domination number is at most 3, hence G — U is dominated 
by at least 2(m — 1) + 2 = 2m vertices. Hence G is not bicritical for n + 1 = 9m. 

Let n+ 1 = 9m+1. Then 7(G) = 2m+1. Observation 2.3 implies that the set 5, = 
{v9i, Voit2| 0 << i < m—1} (mod n+1) dominates 9m — 1 vertices V(G) — {vn_4, Vn—2} where 
dg(Un—4,Un—2) = 2 and any other set with 2m vertices with structure different from of $1 
dominates less than 9m — 1 vertices of G. So, if U = {vo, v1}, then G — U is not dominated by 
a set same as $1, because dg(vo,v1) = 1. Hence G is not bicritical for n +1 =9m+1. 

Let n+ 1 = 9m+2. Then 7(G) = 2m+1. Observation 2.3, implies that the set S; = 
{v9i, Voiz2| 0 < 4 < m—1}(mod n+ 1) dominates 9m vertices V(G) — {vn—2, Un—5} where 
da(Un—5,Un—2) = 3 and any other set with 2m vertices with different structure of S; dominates 
less than 9m vertices of G. So, if U = {vo, v1}, then G — U is not dominated by a set same as 
S,, because dg(vo, v1) = 1. Hence G is not bicritical for n + 1 = 9m +4 2. 

Finally, let n+1 = 9m+k where k € {5,6,7}. Then 7(G) = 2m+2. Observations 2.3 and 
2.4 imply that S; dominates 9m vertices of G— M where M has been specified in Observation 


2.4. It is obviously seen that M — {vn—4,Un—s} is not dominated by any one vertex. On the 
other hand any other set with 2m vertices with different structure of S; dominates less than 
9m vertices of G. So 2m +1 vertices cannot dominate G — {x,y} with de(x,y) = 1. Hence G 
is not bicritical for n + 1 =9m-+k where k € {5,6, 7}. 

Theorem 3.3. Let G = C,41(1,4) with n+1=k (mod 9), k € {3,4,8}. Then any pair 
of vertices are in some 7(G)-set. 

Proof. Let n+1=9m+kand0<Il< jp @=+). It is sufficient to show that {0,91 + t} is 
in a 7(G)-set for t € {1,3,4,5,6,8} and given J, because of Theorem 2.5. We prove the result 
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for k = 3 and the two other cases are similarly proved. The 7(G)-set is S; U {n — 4,n — 6} for 
k, = 3. One can substitute the set {n — 4,n —6} with one of the sets {n,n — 2}, {n—3,n— 2}, 
{n—7,n—3}, {n—4,n—2} or {n—5,n— 3}. Since 91 € S; and S, U {n,n — 2} is a 7-set, it is 
easy to see that S$; +1U{n+1 =0,n—1} isa 7-set where +1 = {s+1(modn+1)| s € S;}. 
Thus {0,91 +1} is in a 7-set. 

We also show that S;+3U{n—2+3 =0,n—34+3 =n}, $1+4U{n-3+4 =0,n—-7+4}, 
S$, +5U{n—4+5 = 0,n—2+4+4}, $1 +6U{n—5+6 = 0,n—3+6} and $,4+8U{n—7+8 = 0,n—3+8} 
are 7(G)-sets. Thus {0,91 +t} is in a y(G)-set for t € {1,3,4,5,6,8} and given J. We may use 
similar proofs, once n+ 1 = 4 or 8(mod 9). Therefore G is a connected bicritical graph so that 


any two specified vertices are in a y-set. 

We have shown that the answer to the question in Problem 1 is yes for Cn41(1,4) with 
n+1= k(mod 9), k € {3,4, 8}. 

For providing the rejection of Problem 2, we first see an example. 

Example 3.1. Let G = C22(1,4). Then 7(G) 4 i(G). We verify this result as follows. 

If a 7(G)-set contains {0,2}, then the set U = {5,7,8,9, 10,11, 12,13, 14,15, 16,17, 19} has 
not been dominated by {0, 2}. 

If a y(G)-set contains {0,3}, then the set U = {5,6,8,9, 10,11, 12,13, 14, 15, 16, 17, 19, 20} 
has not been dominated by {0,3}. 

If a y(G)-set contains {0,5}, then the set U = {2,3,7,8, 10,11, 12,13, 14,15, 16, 17, 19, 20} 
has not been dominated by {0,5}. 
If a y(G)-set contains {0,6}, then the set U = {3,8,9,11,12,13, 14, 15,16, 17,19, 20} has 
not been dominated by {0,6}. 
If a y(G)-set contains {0,7}, then the set U = {2,5,9,10,12,13,14,15,16,17,19,20} has 
not been dominated by {0,7}. 
Ifa 7(G)-set contains {0,8}, then the set U = {2,3,5,6, 10, 11,13, 14,15, 16, 17, 19, 20} has 
not been dominated by {0,8}. 
If a y(G)-set contains {0,9}, then the set U = {2,3,6,7,11, 12, 14,15, 16,17,19,20} has 
not been dominated by {0,9}. 

If a y(G)-set contains {0,10}, then the set U = {2,3,5,7,8, 12, 13,15, 16,17,19, 20} has 
not been dominated by {0, 10}. 

If a y(G)-set contains {0,11}, then the set U = {2,3,5,6, 8,9, 13, 14, 16,17, 19,20} has not 
been dominated by {0,11}. 

Let {a,b} be any independent vertices in a y(G)-set, then the situation of {a, b} will satisfy 


one of the above cases. It is also easy to see that the set U cannot be dominated by any four 
independent vertices of U. Thus 7(G) 4 i(G). Since G = C9(1,4) is a connected bicritical 
graph, so the answer to Problem 1.2 is “no”. 

In the following we exhibit a family of graphs for which the answer to Problem 1.2 is also 
“no”. 

Theorem 3.4. Let G = Cy41(1,4) with n+ 1 = 9m+4 (m > 2). Then there is no 
(G)-set so that 7(G) = 7(G). 

Proof. Theorem 2.1 asserts that S$; dominates G—M where M = {n—7,n—5,n—4,n—2} 
and $) U {n— 4,n — 6} is a y(G)-set and any two independent vertices in M cannot dominate 
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M. Hence by choosing S$; one cannot have a y-set so that y(G) = i(G). If S is any independent 
vertex set with cardinality |S |, then Lemma 2.1 and Observation 2.2 says if S dominates the 
vertex set V, of G then V(G) \ V, cannot be dominated by two independent vertices. Therefore 
UG) # iG). 

Remark 3.1. The Family of graphs G = C,,41(1,4) with n+1=9m+4+3 andn+1= 
9m + 8 are connected bicritical graphs with 7(G) = i(G). Because Theorem 2.5, shows that 
S, U{n—2,n— 4} and S, U {n — 2,n —5,n — 7} are independent 4-sets of Com+43(1,4) and 
Com+s(1, 4) respectively. 


§4. Diameter and vertex (edge) connectivity 


Here, the diameter of C),+1(1,4) is compared with the 7-set. 
[L2H )+4)4+1, if4| (2) -1or4| |2); 
[mgt] 4) +2, if4t [2S] —1 and 4} [2g]. 
Proof. We determine the diameter of (C,,1(1,4)) as follows. If |"£+| = 4k, k > 1 then 
diam(Cr+41(1, . = d(vo0, vak—1) = (vo, Vaz) + d(vak, Vag—-1) = k +1. 
If [2 | =4k+1 then diam(Cyn41(1,4)) = d(vo, var4i1) = d(vo, Vax) + d(U4e, Vagzi) = k+1. 
= = 
= 


Theorem 4.1. diam(Cn41i(1,4)) = 


If [po k+2 then diam(C),41(1, 4) d(v0, V4e-+2) = A(v0, Vk) +A(V4K, Vap+2) = k+2. 
If [4 | = 4k4+3 then diam(C,41(1, 4) d(v0, V4e-+2) = A(v0, vse) +d(V4K, Vagt2) = k+2. 
Theorem 4.2. (i) Let G=C,,4,(1,4). Then diam(G) < 7(G) for n € {9, 13}. 

(ii) (y(G) — diam(G)) — oo once n = oo. 


Proof. For n = 9 and n = 13 it is clearly y(G) = diam(G). For another n, depending to 
the relation between 4 | ["+|, 47 ["24],4| [S24) —1or 4 [2] -1 with n+ 1 = k(mod 9) 
in Theorems 2.1 and 3.3, we have the following. 

For n = 8m, then n = 72t+r where r € {0,8, 16, 24, 32, 40, 48, 56,64}. An easy calculation 
shows that 7(G) — diam(G) € {7t +2, 7+ 3, 7t + 4, 7t +5, 7t + 6, 7¢ + 7}. 

For n = 8m+4+1, then n = 72t +r where r € {1,9,17, 25,33, 41,49,57,65}. So 7(G) — 
diam(G) € {7t+3,7t+4, 7 +5, 7t + 6, 7+ 7}. 

For n = 8m +4 2, then n = 72t +r where r € {2,10, 18, 26,34, 42, 50,58, 66}. So 7(G) — 
diam(G) € {7t+2,7t+4,7t+5,7t+6,7t+7,7¢ +8}. 

For n = 8m+3, n = 72t+r where r € {3, 11,19, 27, 35, 43, 51, 59,67}. So 7(G)—diam(G) € 
{7t+2,7t+4, 745, 7+ 6,7 +7}. 

For n = 8m +44, then n = 72t +r where r € {4,12, 20, 28,36, 44, 52,60,68}. So 7(G) — 
diam(G) € {7t+2,7t+3, 745, 7t +6, 7¢ +7}. 

For n = 8m +5, then n = 72t+7r where r € {5,13, 21, 29,37, 45, 53,61,69}. So 7(G) — 
diam(G) € {7t +2, 7t+3,7¢+4,7t+6, 747}. 

For n = 8m+6, then n = 72t+r where r € {6, 14, 22, 30, 38, 46, 54,62, 70}. So 7(Cn4i(1, 4))— 
diam(Cn41(1,4)) € {7+ 2, 7#+3,7¢+4,7t+5, 7t + 7}. 

For n = 8m+7, then n = 72t+7r where r € {7,15, 23,31, 39, 47, 55,63, 71}. So 7(G) — 
diam(G) € {7t+1,7t+2,7t+3,7t+4,7t +5, 7+ 6}. 

Thus we see that y(G) > diam(G). Hence the result holds. 
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Since n — co then t — oo therefore lim(y(G) — diam(G)) — co as n — oo. Hence the 
desired result follows. 

Now, we study the vertex and edge connectivity of C,,41(1,4). Recall that a classic well- 
known theorem |) implies that for any graph G, K(G) < \(G) < 6(G). 

Theorem 4.3. &(Cy41(1, 4)) = A(Cn4i (1, 4)) = 4. 

Proof. Let G = C,,41(1,4). Since G is 4-regular, then «(G) < A(G) < 6(G) = 4. Therefore 
it is sufficient to prove K(G) > 4. Let U be a subset of V(G) with |U| < 3. We prove that G—U 
is connected. Since G has no cut vertex, so |U| > 2. Consider u, v € V(G) \ U, the original 
circular arrangement has a clockwise wu, v-path and a counterclockwise u, v-path along the circle. 
Let A and B be the sets of internal vertices on these two paths. Then ANU <1lor BOU <1. 
Since in G each vertex has edges to the next two vertices in a particular direction, deleting at 
most one vertex cannot block travel in that direction. Thus we can be find a u, v-path in G— S$ 
via the set A or B in which S has at most one vertex. So K(G) > 4 and then «(G) = A(G) = 4. 

Theorems 2.1, 3.1 and 4.3 imply that Problem 2 of [1] “if G is a connected bicritical graph, 
is it true that \ > 3” is partially true. 
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Abstract For analytic function of the form fi(z) = z+ >>,» @n2”, in the open unit disk, a 
class [4 (¢1, ¢2; y) is introduced and some properties for 'a(¢1, €2; y) of fi(z) and Ta(G1, C2, 43) 
of (fi(z))* in relation to the coefficient bounds, convex combination and convolution were 
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§1. Introduction and preliminaries 


Let A denotes the class of functions of the form 


f(z) = 2+ S- Ay2", 
n=2 


analytic and normalized with f(0) = f’(0) — 1 = 0 in the open disk, U = {z € C: |z| < 1}. In 
[6], Seenivasagan gave a condition of the unvalence of the integral operator 


rustel= {of eT (AP) a 


where f;(z) is defined by 
filz) = 2+ Do anz”, (1) 
n=2 
while Makinde in [5] gave a condition for the starlikeness for the function: 
z k ; l/a 
rte) = [ T] (22) as, ee, (2) 
0 j=1 


where f;(z) is defined by (1). 
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Also, Kanas and Ronning ! introduced the class of function of the form 


f(z) = (z-w) + Do ai (2 — wv) 
n=2 
where w is a fixed point in the unit disk normalized with f(w) = f’(w)—1 = 0. We define f;(z) 
by 
fiz) =(2-w) + Do an(e—w)", (3) 


where w is a fixed point in the unit disk, |z — w| = (r+ d) < 1 and F,,. is defined by 


j= (2 nas ae C. (4) 


Furthermore, Xiao-Feili et al !7] denote L*(3,, 32, A) as a subclass of A such that: 
a. | £@-1 
Pif'(z) + Be 


for some (31, $2 and for some real A. Also, he denoted T to be the subclass of A consisting of 


Ei (Bi.B7) = {F <alh, (KA 0< Gee << 1, 


functions of the form: 


and L* (31, G2, X) denotes the subclass of L} (31, G2, X) defined by: L* (G1, 82, X) = LT (G1, G2, ANT 
for some real number, 0 < 6; <1,0<(@.<1,0<A<l1. 
The class L*((1, 62,4) was studied by Kim and Lee in [3], see also [1,2,7]. Let Fa(z) be 


defined by (2), then 
vr ( fi ( 


=i 


Let G(z) be denoted by 


4=1 
We define 
PalGnGar)= {hed Jaa t -|<>} (5) 
alG1,$2,7) = a Ca( (G@) + 1) S7f> 
for some complex ¢1, ¢2, a and for some real y, 0 < |G] < 1, 0 < |G] < 1, Ja| < 1 and 
O0<y7<l. 


Let fi(z) = z+ >>, ai,2” and gi(z) = z+ >, bt,z”, we define the convolution of f;(z) and 
gi(z) by 
Filz) * gi(z) = (fi * 91) (2 Jas oat bn2”. (6) 


Furthermore, let f;(z) be as defined in (1), using binomial expansion, we obtain: 


(filz eee saaaee Pale (7) 
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For a fixed point w in the unit disk, we denote by 
co 
(firo(z))* = (z—w)* + D0 wah (z— wrt, (8) 
n=2 


§2. Main results 


Theorem 2.1. Let fi(2) be as in (1) and F(z) be as in (2). 
Ta(G1, C2, 7) if and only if 


Then f;(z) is in the class 


n[(L+ 761) + (G2 — Ilan] < ye + aga] — [1 — al, (9) 
i=l n=2 
forO0<@ <1,0<@<1,0<a<l. 
Proof. From (5), we have 
k if zfi(z) 1 
G(z)+4-1 sha (AG i+ : | 
G(z) + 7 + 7 2fi(z 
Gi(G(z) + 5) +& a(sis(# 1) +4) +6 
k zfi(z) 
= Le afi(z) 1 | 
k PARA Ce 
yoia1 sa + G2 


Why z+ Sg nai, 2"—(a2z+d Fo 


anai,z”) 


ag ys os anal z” 


C1z+>5 4 nC1at, z™+alez+>> °°, acgnat, 2” 


azty me aaha 


eal - a+ D2 o(n—- 


7 


nz”) 


ajaiz 


wir (Cr + ade + (ns + 
fia Se 


F aa )an,z”~*) 


a)la;,| 


lor + ada] — Na (nts 4 


Let f(z) satisfies the inequality (9), then fi(z) € T'(G1, ¢2,7). 
Conversely, let f;(z) € T'(G1, ¢2, 7), then 


nl((l + 61) + a(y2 


Corollary 2.1. If fi(z) € Ta(Gi, G2, y), then we have: 


VG + ada — [1 — a 
[+ 701) + a(yd2 — DI] 


la;,| <= 


I)Jlan| < y¢1 + a¢e| — 


F aCa)ai,| 


|1—al. 


Theorem 2.2. Let the function f;(z) € Ta(¢i,¢2, 7) and the function g;(z) defined by 


gi(z) = 2+ S- biz” 
n=2 
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be in the same T'4(¢1, G2, y). Then the function h;(z) defined by 
hi(z) = (1— A) fi(z) + Agi(z) = 2+ So 2” 
n=2 


is also in the class [4(¢1,¢2,y), where c?, = (1— A)a?, + ABE, O<AK<1. 
Proof. Suppose that each of f;(z), gi(z) is in the class Ta (Gi, G2, y). Then by (9), we have: 


k ow k ow 
>» Doin. +90) +e —YiHel = > So frl(l + 161) + a(ae2 — IPI — A)ay, + ABj,| 
k oc 
= (1-A) DD fall +71) + a(7¢2 — 1) Fla 
k © 
= AD Dll + 71) + aya — 1)]}1b4| 


= AIG + a¢a| — [1 — al, 


which shows that convex combination of f;(z), gi(z) is in the class [a(¢1, ¢2, 7). 
Theorem 2.3. Let f;(z) be as in (1) and F,(z) be as in (2) then the function C;(z) defined 
by 


Ci(z) = 2+ S- ai biz” 
n=2 
is in the class [4(¢1, G2, y) if and only if 


k 


Yi nfl + 161) + a(yGe — lah bh] < rida + egal — | - al, 


pwroi<Gg<10<GeA laws, wy, > 0. 
Proof. The proof of this theorem is similar to that of the Theorem 2.1, thus we omit the 
proof. 
Corollary 2.2. Let f;(z) be as in (1) and Fy(z) be as in (2) then the function C;(z) 
defined by a 
Ci(z) = z+ > ai biz” 
n=2 


is in the class [4(Gi, 2, y). Then, we have: 


VG + a¢al — [1 — a 
nll + 701) + a(yG2 — 1)] 
Corollary 2.3. Let f;(z) be as in (1) and Fy(z) be as in (2) then the function C;(z) 
defined by 


lai, < 


Ci(z) = 2+ ey aus 
n=2 


is in the class [4(Gi, 2, y). Then, we have: 


ai) < Vio ag| = [la 
mm nlbp [1 + ¥01) + aye — 1] 
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Corollary 2.4. Let f;(z) be as in (1) and Fy(z) be as in (2) and the function C;(z) defined 
by 
zj=e2t+ x aibt 2” 
n=2 
is in the class [4(Gi,¢2, y). Then, we have: 


G1 +-aG2| — [1 — a 
naz |[(1 + 61) + a(ye2 — 1)] 

Theorem 2.4. Let the function C;(z) be in the class 'a(@, ¢2,y) and the function y(z) 
be defined by 


JI < 


zj=2t S- Ai Biz" 
n=2 
be in the same T',(¢1, G2, 7). Then the function H(z) defined by 


H(z) = (1—A)C,(z) + Avi(z jJ=2k 5S 


n=2 


is also in the class [a (¢1, C2, y), where 


Ci, = (1—A)aibt, + XA B? 


n? 


O<A<1. 


Proof. Following the procedure of the proof of the Theorem 2.2, we obtain the result. 
Corollary 2.5. Let f;(z) be as in (3) and F(z) be as in (4). Then f;(z) is in the class 
Ta(C1, ¢2,7) if and only if: 


iM 


dnl [(1 + yr) + oe(yC2 — Ilan! < Ita + a¢al — [1 — a, 


w=1n 


forO0< Gq <1,0<@<1,0<a<l. 
Corollary 2.6. Let function f;(z) defined by (3) belong to the class of Ta(¢i, ¢2, y) and 
the function g;(z) defined by 


gi(z) = (2 -w) + 9b (z — wv) 


be in the same class [',.(¢1, 2,7). Then the function h;(z) defined by 
hi(z) = (1—A)filz) + Agile art Oy : 


is also in the class [a (1, C2, y), where 
Cf = (1—-Ajai, + AbL, OS AK<1. 


Corollary 2.7. Let f;(z) be as in (3) and F(z) be as in (4) then the function C;(z) 
defined by 


Ci(z) = (z-—w) + » ai,bi.(z — w) 
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is in the class [4.(¢1, 2, y) if and only if 


( 
k oo a 
d, 2 nll 1+ C1) + a(¥2 — L)Jlanbnl < W161 + aa] — |1 — al, 


for 0 <G <1,0<6<1,0<ax<i1, abe 0. 
Corollary 2.8. Let the function C;(z) be in the class Ta (¢i, ¢2,y) and the function y;(z) 
be defined by 


pil(z) w) + ANBAC=— w) 


be in the same [4 (1, G2, y). Then the function a6 defined by 
H(z) = (1—A)Ci(z) + Agi(z) = (z-w) + 5) Ch(z-w) 


is also in the class [4 (¢1, C2, y), where 
C= (1—Aj)aib + AAT Bi, O< A <1. 
Remark 2.1. The corollary 2.5, 2.6, 2.7 and 2.8 yield Theorem 2.1, 2.2, 2.3 and 2.4 


respectively when w = 0. 
Theorem 2.5. Let (fi(z))” be as in (7) and F¥# be defined by 


Pa(z) = [t (fis ae. 


isl 


Then (f;(z))" is in the class [4(¢1, G2, y) if and only if 


k oo 
Dd Ht = D[(e + Hd) + an(1G = D)lan| S Med + el —|w—al, 20) 


forO<¢ <1, 0<@ <1, 0O<a<l. 
Proof. From (5), we have: 


G(z)+4+-1 
C1(G(z) + 5 + @) 


k 2((fi(z))") a 
Le (4 (fi(z))# i) "a 1 | 


a(! a, 12 (ge 2")"(2) 1)b+0) 


The GER 1" cattery 
es sai W(Fi(z))* + Co 
Je — al + Diy Oe Mw tn — 1 - Iai, 
Jaca + a2| — Dir Dna m(G(u + 2 1) + a6)) lah | 
Let (fi(z))* satisfies the inequality (9), then (fi(z))" € T'(G1, ¢2, 7). 
Coversely, let (fi(z))" € (G1, G2, 7), then 


IA 


co 


k 
SoS (wt n= [lu + yes) + ap(yee — Dah | < yur + aGal — |w— al. 


i=l n=2 
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Remark 2.2. Theorem 2.5 is a generalisation of the Theorem 2.1. 
Corollary 2.9. Let (f;(z))" be in the class 4 (¢1, G2, 7), then, we have, 


ko yludi + adel — |u— al 
dd lanl s wet n—1)[(. + yer) + any — 1] 


i=1 n=2 


Theorem 2.6. Let the function (f;(z))" be in the class and the ['y(¢i,¢2,y) and the 
function (g;(z))" be defined by 


(9i(2))" = 28 + >> btn 


n=2 


be in the same T'a(¢1, G2, y). Then, the function h;(z) defined by 


hi(z) = (1 — A)Fa(2))* + ACgi(z))* = 24 + SO eCyeete 
n=2 
is also in the class 'a(¢1,¢2,y) where C?, = (1 — A)a’, + ABEL, O<AK<1. 
Proof. Suppose that each of (f;(z))", (gi(z))# is in the class [a (G1, G2, y). Then using (9) 
and following the procedure of the proof of the Theorem 2.2, we obtain the result. 
Theorem 2.7. Let (fi(z))"* be as in (7) and F” be defined by 


FY (Zz) = [ Il (for en ae. 


i=1 


Then function C;(z) defined by 


(Cile))" = 28 + walsh 


n=2 


belongs to the class Ta(Gi,¢2,y) if and only if 


k 
i=l 


forO0< Gq <1,0<@<1,0<a<l. 

The proof follows the sane procedure as that of Theorem 2.5. 

Theorem 2.8. Let the function (C;(z))" be in Ta(¢1,¢2,7) and the function (y;(z))# 
defined by 


8 


(w+ n—1)[(e+ yur) + an(qG2 — I] laid] < yluda + ada] — lu — al, 
2 


n 


(oi(2))" = 2 + D> BAL Bitte 


n=2 


be in the same I, (¢1, G2, 7). Then, the function h;(z) defined by 


hi(z) = (1 — A)(Ca(z))* + A(palz))* = 2 + DO pCR zt 
n=2 
is also in the class '.g(¢1, ¢2, vy), where C?, = (1— A)a?, + AbL, O<AK<1. 
Proof. The proof follows the sane procedure as that of Theorem 2.6. 
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Corollary 2.10. Let (fi(z))“(z) be as in (8) and F# be defined by 
z k é p\ 1/a 
Fez =| (for ds, a@EC. 
By Aap 
Then (f;(z))#(z) is in the class Ta(¢1, 2, y) if and only if 


Co 


k 
S- ba brn — 1)[(u + yucn) =p apl(yco ~~ 1)j|a%,b Ms < eC ae a¢2| — ia = al, 


t=1 n=2 


for0 <q <1, 0<@<1l 0<a<l. 
Corollary 2.11. Let the function (f;(z))* be in Ta(G,¢2,y) and the function (g;(z))* 
defined by 


(gi(2))* = (2 — wh + 0 pbi,(z — wet? 
be in the same T',(¢1, G2, 7). Then, the function h;(z) defined by 


hi(z) = (1 — A)(filz))* + ACgi(2))* = wy Ye wc oe) ae 


is also in the class '4(¢1,¢2,y) where C*, = (1 — A)a’, + ABEL, O<AK<1. 
Corollary 2.12. Let (fi(z))"(z) be as in (8) and F# be defined by 


FH(z) = [ Il (fai ae. 


i=l 


Then the function (C;(z))“(z) defined by 
(Ci(z))"(z) = wy + b(z— wn 
belongs to the class Ta(Gi,¢2,y) if and only if 
k 
forO<q <1, 0< <1, 0O<a<l. 


Corollary 2.13. Let the function (C;(z))# be in Ta(1, ¢2,y) and the function (y;(z))" 
defined by 


, (H +n —1)[(e+ yur) + ope — 1))|a4,b8| < yur + a¢a| — |u — al, 


iMe 


(yi(z))* = ‘ig 3 pA, Br (z— wt? 
be in the same T',(¢1, G2, 7). Then, the function h;(z) defined by 
hi(z) = (1 — A)(Ci(z))* + A(Gi(z))* = es Yo Hc a) aie 


is also in the class 'g(¢1, ¢2, vy), where C?, = (1 — A)ai,bt, + \ADt, O<AK<1. 


nen 


Remark 2.3. The corollary 2.7, 2.8 yield Theorem 2.3, 2.4 respectively when w = 0. 
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Abstract In this paper we introduce the sequence spaces [',(p,0,q,8) Ax (p,0,q,8) and 
define a semi normed space (X,q), semi normed by gq. We study some properties of these 


sequence spaces and obtain some inclusion relations. 


Keywords Entire rate sequence, analytic sequence, invariant mean, semi norm. 


§1. Introduction and preliminaries 


A complex sequence, whose k-th term is xz, is denoted by {x,} or simply x. Let y be the 
1 


set of all finite sequences. A sequence 7 = {x,} is said to be analytic rate if sup; |= * <0. 


Tk 


The vector space of all analytic sequences will be denoted by A,. A sequence « is called 
1 


entire rate sequence if lim |=* 
k—- oo 


denoted by I’. Let o be a one-one mapping of the set of positive integers into itself such that 
a™(n) = o(e"-*(n)), m= 1, 2,3, V5 oe 


A continuous linear functional y on A, is said to be an invariant mean or a o-mean if and 


= 0. The vector space of all entire rate sequences will be 


only if 
(1) v(x) > 0 when the sequence x = (xp) has tp > 0 for all n, 
(2) y(e) = 1 where e = (1,1,1,---) and, 
(3) e({te(n)}) = o({atn}) for all a € Ay. 
For certain kinds of mappings o, every invariant mean y extends the limit functional on 
the space C of all real convergent sequences in the sense that y(x) = limz for all x € C. 
Consequently C C V,, where V, is the set of analytic sequences all of those c-means are equal. 
If « = (ap), set Tx = (Tx)'/" = (a, (n)). It can be shown that 


V, = {= (an): lim tmn(2,)/” = L uniformly inn, L =o — lim (2,)“"}, 


m— n—oCo 
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where 
et, + Tx, fe +72 1/n 
tn (a) = Ent Fin se (1 
m+1 
Given a sequence z = {z,;} its n-th section is the sequence x”) = {21,22,--- ,2n,0,0,---}, 


6(") = (0,0,--- ,1,0,0,---), 1 in the n-th place and zeros elsewhere. An FK-space (Frechet 
coordinate space) is a Frechet space which is made up of numerical sequences and has the 
property that the coordinate functionals p;,(“) = x, (k = 1,2,---) are continuous. 


§2. Definition and properties 


Definition 2.1. The space consisting of all those sequences x in w such that ( a 


") 
+ 


1/k 
) is a null sequence. I’, is called the 


rk 


0 as k — oo is denoted by [,. In other words ( = 


space of entire rate sequences. The space I, is a metric space with the metric d(z,y) = 


/k 
{sup ( ) i k= 1,2,3,--} for all « = {a,} and y = {y,} in Tz. 
k 
1/k 
Js 


Definition 2.2. The space consisting of all those sequences x in w such that {sup ( = 
k 
Definition 2.3. Let p,q be semi norms on a vector space X. Then p is said to be stronger 


XLk—Vk 
Tk 


ok 
Tk 


1/k 
oo is denoted by A,. In other words {sup ( x ) \ is a bounded sequence. 
k 


than q if whenever (z,,) is a sequence such that p(z#,) — 0, then also q(x,) — 0. If each is 
stronger than the other, then p and q are said to be equivalent. 


Lemma 2.1. Let p and qg be semi norms on a linear space X. Then p is stronger than q 
if and only if there exists a constant M such that q(x) < Mp(x) for all x € X. 


Definition 2.4. A sequence space E is said to be solid or normal if (a,7,) € E whenever 
(x,) € E and for all sequences of scalars (ax) with Jax,| <1, for all k € N. 

Definition 2.5. A sequence space EF is said to be monotone if it contains the canonical 
pre-images of all its step spaces. 

Remark 2.1. From the above two definitions, it is clear that a sequence space EF is solid 
implies that EF is monotone. 

Definition 2.6. A sequence FE is said to be convergence free if (y,) € E whenever (x;,) € E 
and x, = 0 implies that y, = 0. 

Let p = (px) be a sequence of positive real numbers with 0 < pp < aup pe = G. Let 


D = max(1,2°~'). Then for az, by € C, the set of complex numbers for all k € N we have 
Jax + dg|*/* < D{|ag|*/* + |b |*/*}. (2) 


Let (X,q) be a semi normed space over the field C of complex numbers with the semi norm q. 
The symbol A(X) denotes the space of all analytic sequences defined over X. We define the 
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following sequence spaces: 


Lok (n) 


Ax (p, 0,9, 8) = {« E A(X): sup Ko? (: 


1/k\ Pk 
< co uniformly in n > 0,s > of, 
Tok (n) 


Tok (n) : 


T,(p,0,9,8) = {« ET,(X):k* (: 


/ Pk 
— 0, as k— oo uniformly in n>0,5>0}. 


Tok (n) 


§3. Main results 


Theorem 3.1. I,(p,o,q, 8) is a linear space over the set of complex numbers. 
The proof is easy, so omitted. 


Theorem 3.2. [,(p,o,q,8) is a paranormed space with 


1/k 
g(a) = {oe ks (: , uniformly in n > o} ; 
k>1 


where H = max { 1, sup px }. 


Tok(n) 


Tok (n) 


Proof. Clearly g(x) = g(—x) and g(0) = 0, where @ is the zero sequence. It can be easily 
verified that g(x + y) < g(x) + g(y). Next x — 6, fixed implies g(Ar) — 0. Also x — 6 and 
A — 0 implies g(Az) — 0. The case A — 0 and x fixed implies that g(Ax) — 0 follows from the 
following expressions. 


g(Ax) = {es k-*q ( 
k>1 


g(Ax) = {aie : sup k*q ( 


k>1 


1/k 
Tok(n) 


/k 
, uniformly in n,m € x . 


Tok (n) 


1/k 
Tok (n) 


/k 
)roo uniformly in nme xt, 


Tok(n) 


where r = 1/|\|. Hence [,(p,o,q, 8) is a paranormed space. This completes the proof. 
Theorem 3.3. [,.(p,0,9¢,8) NAn(p,0,9,8) CT. (p, 0,9, 8). 
The proof is easy, so omitted. 
Theorem 3.4. [,(p,o,q,8) C An (p,0,q, 8). 
The proof is easy, so omitted. 
Remark 3.1. Let q, and q2 be two semi norms on X, we have 
(i) T,-(p,0,¢1,8) AT 2(p, 0, g2,8) CT (p, 0,4 + G2, 8), 
(ii) If qi is stronger than qo, then [';(p,o,q1, 5) CT x(p, 0, ga, 8), 
(iii) If q, is equivalent to qo, then T',(p,o,q1, 8) =Tx(p, 0, ga, 8). 
Theorem 3.5. 
(i) Let 0 < py < rz, and os be bounded. Then [,(r, 0,9, 8) CT 7(p, 0,4, 8), 
(ii) 1 < sq implies T',(p, 0,4, 1) C Tx (p,o,q, 82). 
Proof. (i) Let 


x € T, (rr, 0, q, 5) (3) 
tee 1/k) 7 
k* peta —0as k > ov. (4) 
Tek (n) 
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i 1/k) 7 

Let th = k7S {a we \ and Ap = an Since py < rp, we have 0 < Ay < 1. Take 
ak(n) 

0<A> Xx. Define uz = tz (t, > 1), up = 0 (th < 1) and uz, = 0 (t, > 1), Up = tk (th < 1), 


th = Up + Up, i a uae + eae Now it follows that 


upe <t, and uit < ve, (5) 


1/k) TE\ *# zeeiny (ME) \™ 
a <k*\q ; 
Tok(n 
1/k) Pe Pal sour MEV" 
<k*\q 
Tok(n 
k78 Tok(n) . . <k7s Lok(n ei on 
Tok(n) ~ Tok(n , 


Le. t,° Sty op ny (5), 


=¢ Tok (n) me 
But k q4 |——— —0as k— ow by (4), 

Tok (n) 

= Uok(n) pe a 

k q —O0ask— oo. 
Tok (n) 
Hence 
2 €1'z(p, 0,9, 8). (6) 


From (3) and (6) we get [,(r,0,q, 8) C T'x(p,0,q, 8). This completes the proof. 
(ii) The proof is easy, so omitted. 
Theorem 3.6. The space [’,(p,0,q, 8) is solid and as such is monotone. 
Proof. Let () €T,(p,o,q,) and (az) be a sequence of scalars such that |ax| < 1 for 


TT 


allk €¢ N. Then 


Ak ok ik i Lok ) te 
po | gt | <k-8 (qd | for all k € N, 
Tok (n) Tok (n) 
Apt ok ie i, Lok ifs ae 
(«4 en) \) < (x te \) for all k € N. 
Tok (n) Tek (n) 


This completes the proof. 

Theorem 3.7. The space ',(p,o,q, 8) are not convergence free in general. 

The proof follows from the following example. 

Example 3.1. Let s = 0; py, = 1 for k even and p, = 2 for k odd. Let X = C, q(x) = |a| 
and a(n) =n+1 for all n € N. Then we have o?(n) = o(a(n)) = o(nt1) = (n+1)+1=n+4+2 
and o3(n) = o(0?(n)) = o(n+ 2) = (n+2)+1=n+3. Therefore, o*(n) = (n +k) for all 
n,k € N. Consider the sequences (x,) and (yx) defined as x, = (1/k)*r, and yp = k* ry for 
allk € N, ice. " image ue |" =p for all ke N. 


1 
tise / 
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Pk 


1 nt+k 1 ntk 
( ak) (4 ) vi 


0 as k > co. Hence (4) ¢1.(p,o). Hence the space I',(p,o,q, 8) are not convergence free in 


Pk 


Hence, —0as k— oo. Therefore () €T,(p,¢). But 


general. This completes the proof. 
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Abstract In this paper, we introduce the timelike parallel p;-equidistant ruled surfaces with 
a spacelike base curve in the Minkowski 3-space R? and study their relations between distribu- 
tion parameters, shape operators, Gaussian curvatures, mean curvatures and q‘” fundamental 


forms. Also, an example related to the timelike parallel p3-equidistant ruled surfaces is given. 


Keywords Parallel p;-equidistant ruled surface, Minkowski space, ruled surface. 


81. Introduction 


The kinematic geometry of the infinitesimal positions of a rigid body in spatial motions is 
not only important, but interesting as well. In a spatial motion, the trajectory of the oriented 
lines and points embedded in a moving rigid body are generally ruled surfaces and curves, 
respectively. Thus the spatial geometry of ruled surfaces and curves is important in the study 
of rational design problems in spatial mechanisms. 

A. T. Yang applied some characteristic invariants of ruled surfaces to mechanism theory!"4. 
In classical differential geometry, timelike ruled surfaces and their distribution parameters in the 
Minkowski 3-space have been studied extensively "914, Ugurlu studied the geometry of timelike 
surfaces [7]. In [8], Ozyilmaz and Yayl showed integral invariants of timelike ruled surfaces. On 
the other hand, M. Tosun at all introduced scalar normal curvature of 2-dimensional timelike 
ruled surfaces ), 

In 1986, Valeontis described the parallel p-equidistant ruled surfaces in the Euclidean 3- 
space |!8], Then, Masal and Kuruoglu defined spacelike parallel p;-equidistant ruled surfaces 
and timelike parallel p;-equidistant ruled surfaces (with a timelike base curve) in the Minkowski 


3-space R? and applied their the shape operators, curvatures 6], 


Timelike parallel p;-equidistant ruled surfaces 
Vol. 9 with a spacelike base curve in the Minkowski 3-space R3 95 


This paper is organized as follow: in Section 3 firstly, we define timelike parallel p;- 
equidistant ruled surfaces with a spacelike base curve in the Minkowski 3-space R?. Later, 
curvatures, dralls, matrices of shape operators, Gaussian curvatures, mean curvatures and q-th 
fundamental forms of these surfaces and some relations between them have been found. Finally, 
an example for the timelike parallel p3-equidistant ruled surfaces with a spacelike base curve 
has been given. 


§2. Preliminaries 


Let R? be denotes the three-dimensional Minkowski space, i.e. three dimensional vector 
space R? equipped with the flat metric g = dx? — dx3 + dx3, where (1,22, x3) is rectangular 
coordinate system of R} since g is indefinite metric, recall that a vector v in R? can have one of 
three casual characters: It can be spacelike if g(v,v) > 0 or v = 0, timelike if g(v,v) > 0 and 
null g(v,v) = 0 and v 4 0. The norm of a vector v is given by ||u|| = \/|g(v, v)|. v is a unit 


vector if g(v,v) = +1. Furthermore, vectors v and w are said to be orthogonal if g(v,w) = 0 !"1. 
For any vectors v = (v1, 02,03), w= (wi, w2, w3) € RP, the Lorentzian product vA w of v 
and w is defined as [1]. 


uA w = (v3w2 — v2W3, U3W1 — U1 W3, VeW1 — V1 W2) . 


A regular curve a: I — R}, I Cc R in R} is said to be spacelike, timelike and null curve if 
the velocity vector a’(t) is a spacelike, timelike and null vector, respectively [3]. 

Let M be a semi-Riemannian hypersurface in R?, D and N represent Levi-Civita connec- 
tion and unit normal vector field of M, respectively. For all X € (MM) the transformation 


5X) = — Den (1) 


is called a shape operator of M, where y(M) is the space of vector fields of M. Then the 
function is defined as 


IT(X,Y) =eg(S(X),Y)N, for all X, Y € y(M), (2) 


bilinear and symmetric. IT is called the shape tensor (or second fundamental form tensor) of 
M, where ¢ = (N,N) ". Let S'(P) be a shape operator of M at point P. Then K : M > R, 
K(P) = det S(P) function is called the Gaussian curvature function of M. In this case the 
value of K (P) is defined to be the Gaussian curvature of M at the point P. Similarly, the 
function H: M —> R, H(P)= traceS(P) is called the mean curvature of M at point P. 

Let us suppose that @ be a curve in M. If 


S(T) = XT, (3) 


then the curve a is named curvature line (principal curve) in M, where T is the tangential 


vector field of a and J is scalar being not equal to zero. If the following equation holds 


g(S(T),T) = 0, (4) 
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then a is called a asymptotic curve. If a is a geodesic curve in M, then we have 
DrT =0. (5) 


For Xp, Yp € Ty (P), if IT (Xp, Yp) = 0, then Xp,Yp are called the conjugate vectors. 
If II (Xp,Xp) = 0, then Xp is called the asymptotic direction. The fundamental form [%, 
1<q<3,on M such that 


I4(X,Y) =g(S*'(X),Y) for all X, Y € x(M), (6) 


is called the g'” fundamental form of M. If P(A) is the characteristic polynomial of the shape 
operator of M, then we have 
Pg(A) = det (AI — S), (7) 


where J is an unit matrice and \ is a scalar. If the induced metric on M is Lorentz metric, 
then M is called the time like surface. 

Lemma 2.1. A surface in the 3-dimensional Minkowski space R? is a timelike surface if 
and only if a normal vector field of surface is a spacelike vector field 1. 

The family of lines with one parameter in R? is called the ruled surface and each of these 
lines of this family is named as the rulings of the ruled surface. Thus, the parametrization of 
the ruled surface is given by y(t, v) = a(t) + vX(t) where a and X are the base curve and unit 
vector in the direction of the rulings of the ruled surface, respectively. For the striction curve 


of ruled surface y(t, v), we can write 


g(a’, X") 


~ g(x X”) X. (8) 


a=a 
For the drall (distribution parameter) of the ruled surface y(t, v), we can write 


Px = —SRE | g(X', X) £0. (9) 


§3. Timelike parallel p;-equidistant ruled surfaces with a 


spacelike base curve in the Minkowski 3-Space R3 


Let a: I > R?, a(t) = (ai(t), a2(t), a3(t)) be a differentiable spacelike curve parameter- 
ized by arc-length in the Minkowski 3-space, where J is an open interval in R containing the 
origin. The tangent vector field of a is denoted by V;. Let D be the Levi-Civita connection on 
R} and Dy, V, be a timelike vector. If V; moves along a, then a timelike ruled surface which is 


given by the parameterization 


y (t,v) = a(t) + oVi(t) (10) 


can be obtained in the Minkowski 3-space. The timelike ruled surface with a spacelike base 
curve is denoted by M. {V,, V2, V3} is an orthonormal frame field along a in R?, where V2 is a 
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timelike vector and V3 is a spacelike vector. If k; and kz are the natural curvature and torsion 


of a(t), respectively, then for a the Frenet formulas are given by 


Vi = kiVa, V3 = kV, + keV3, V3 = keVa, (11) 


“oy 


means derivative with respect to time ¢t. Using V,; = a’ and V2 = we have 


where lo”? 


ky = |la”’|| > 0. 
For the timelike ruled surface M given with the parametrization (10), we see 


ye =Vitvkive, Ypuo=Vi, Ye A Gy = vk V3. 


It is obvious that y; A gy € y+(M). This means that M is really a timelike ruled surface. 
Therefore we can say that v € R. 

The planes corresponding to subspaces S'p {V;, Vo}, Sp {V2, V3} and Sp {V3, V} along stric- 
tion curves of timelike ruled surface M are called asymptotic plane, polar plane and central 
plane, respectively. 

Let us suppose that a* = a*(t*) is another differentiable spacelike curve with arc-length 
and {V;*, V3‘, V'} is Frenet frame of this curve in three dimensional Minkowski space R?. Hence, 
we define timelike ruled surface M* parametrically as follows 


o*(t*,u*) = at (f) + Ve (), (But) CI Xx B. 


Definition 3.1. Let M and M* be two timelike ruled surfaces with a spacelike base curve 
with the generators V; of M and V;* of M* and pi, po and p3 be the distances between the 
polar planes, central planes and asymptotic planes, respectively. If 

(i) the generator vectors of M and M™* are parallel, 

(ii) the distances p;, 1 <7 < 3 are constant, 
then the pair of ruled surfaces M and M* are called the timelike parallel p;-equidistant ruled 
surfaces with a spacelike base curve in R3. If p; = 0, then the pair of M and M* are called 
the timelike parallel p;-equivalent ruled surfaces with a spacelike base curve, where the base 
curves of ruled surfaces M and M* are the class of C?. Therefore, the pair of timelike parallel 


p;-equidistant ruled surfaces with a spacelike base curve are defined parametrically as 


M : y(t.v) = a(t) + oVi (0), (t,v) € Tx R, 


(12) 
M* : p*(t*,u*) = a*(t*) +u° Vi (t*), (t*, v*) E IT x R, 


where ¢ and t* are arc-length parameters of curves a and a’, respectively. 
Throughout this paper, M@ and M* will be used for the timelike parallel p;-equidistant ruled 
surfaces with a spacelike base curve. If the striction curve y = y(t) is a base curve of M, then 


the base curve a* of M* can be written as 
a“ = 7+ piVi + poV2 + p3V3, (13) 


where pi(t), po(t), ps(t) (t € D), is the class of C?. If 7* is a striction curve of M*, then from 
(8), (11) and (12), it’s seen that 


p3k2 + pb 
* 
y “oy ( =k 


)u + poV2 + p3V3. (14) 
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Now we consider the Frenet frames {Vi, V2, V3} and {V,*, Vs", V3} of ruled surfaces M and 
M*. From definition 3.1 it is obvious that V;*(t*) = V(t). Furthermore, from ae = ss ae ; 
1 <i <3, and the equation (11), we can find V;‘(t*) = Vo(t) and V;*(t*) = V3(t), for ae” > 0. If 
ky and kj are the natural curvatures of base curves of M and M* and kez and k> are the torsions 


of base curves of M and M*, then from the Frenet formulas we have kh = k; a 1<i<2. 


Hence the following Theorem comes into existence. 
Theorem 3.1. Let M and M* be timelike parallel p;-equidistant ruled surfaces with a 
spacelike base curve in R?. 


(i) The Frenet vectors of timelike parallel p;-equidistant ruled surfaces MM and M* at the 


is . . dt” 
points a(t) and a*(t*) are equivalent for % > 0. 


(ii) If ky and ky are the natural curvatures of base curves of M and M* and kz and k3 are 


the torsions of base curves of M and M*, then we have k¥ = k; a 1<i<2. 


(iii) For the distance between the polar planes of the timelike parallel p;-equidistant ruled 


surfaces (or the timelike parallel p;-equivalent ruled surfaces) with a spacelike base curve can 
p3k2+p5 = 0) 
—ky 


(iv) The base curves of M and M* are the striction curves. 


: ko-+p! 
be given p,; = We lee = constant (or py = 


(v) The striction curve of M is an inclined curve if and only if the striction curve of M* is 
a inclined curve. 

If Py, and Py» are the i-th dralls of the Frenet vectors at the corresponding points of the 
base curves of timelike parallel p;-equidistant ruled surfaces with a spacelike base curve M and 
M™*, respectively. From (2.9), we find 


ko 1 ks 1 
Py, = 0, sila ry oi — a Py» =0, Pus = Taree Va ER 
1 2 


So, from theorem 3.1 we obtain 


Pys = Py a, 1 Sis. 


Hence the following theorem comes into existence. 

Theorem 3.2. Let M and M* be timelike parallel p;-equidistant ruled surfaces with 
a spacelike base curve in R?. For i-th dralls of M and M%, respectively, then we have that 
Py» = Py, at 1 <i<.3. Here, we'll study the matrices S and S* of the shape operators 
of timelike parallel p;-equidistant ruled surfaces with a spacelike base curve. From equation 
(12), we write yp: =VitvkiVo, yy =Vi. It is clear that g(y:, ~.) 4 0. From Gram-Schmidt 
method, we obtain 


X=OQ=Vi, Y = - by = vkyVe, (15) 


where X,Y € x(M) form an orthogonal basis {X(a(t)), Y(a(t))} of a tangent space at each 
point a(t) of M. So, normal vector field and unit normal vector field of M are 


N=XAY =—vk,Vs, (16) 


and 
N —Vv3, for v>0; 


No = ———— 
||| V3, for v<0, 


(17) 
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respectively. Similarly, from equation (12), we find 
X*=VF, Y* =v*kivy, (18) 
where X*, Y* € x(M*) form an orthogonal basis {X*(a*(t*)), Y*(a*(t*))} of a tangent space 


at each point a*(t*) of M*. We can write the unit normal vector field of M* as 


—V3, for v* >0, 
Né = (19) 
V3, for vu* <0. 


The shape operator S' of M can be written as S(X) =aX + bY, S(Y)=cX 4+dY. 
Therefore, the matrix corresponding to the shape operator is 


g(S(X),X) — g(S(X),Y) 


= g(X,X) g(X%Y) 
~ 1 g(S(¥),X) og (S(Y),Y) ] (20) 
g(X,X) IY) 


From equation (17), there are two special cases for shape operator S (v > 0 and v < 0). 
First, let us suppose that v > 0. Considering the equations (15), (17), (20) and (1), we find 


0 0 
S= i (21) 
0 vk 
For v < 0, considering same equations, we obtain the following result 
0 0 
es ane (22) 
0 vk 
Similarly, the shape operator matrices S* of ruled surface M™* are found to be 
0 0 
S* = i F (v* > 0) (23) 
Q 2 
u*kt 
and 
0 0 : 
= pa , (vw <0) (24) 
0 -iie 
ae | 


From theorem 3.1, for v = v* we find the following result S* = S. If H and H™ are the 
mean curvatures of M and M™*, then we obtain 


k 
Hwagss”))) Be ee 
dim M - for v < 0 
vy? , 


where v = v*. From the definition of the principal curve and from the equation S* = S, the 
principal curve in M is the principal curve in M*, too. Similarly, from the definitions of the 
asymptotic curve and the geodesic curve and from the equation S* = S we say the asymptotic 
curve and geodesic curve in M is the asymptotic curve and geodesic curve in M*, too. Hence 
we can give the following Theorem: 
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Theorem 3.3. Let M and M* be timelike parallel p;-equidistant ruled surfaces with a 
spacelike base curve in R?. 

(i) If S and S* are the matrices of the shape operators of M and M*, respectively, then 
S=S. 

(ii) If the Gaussian curvatures of M and M* are K and Kk’, respectively, the following 
formula can be obtained: K* = Kk. 

(iii) If the mean curvatures of M and M* are H and H%, respectively, then we obtain 
A* = H. 

(iv) The geodesic curves in M are the geodesic curves in M™*, too. 

(v) The principal curve (line of curvature) in M is the principal curve in M*, too. 

(vi) The asymptotic curve in M is the asymptotic curve in M*, too. 

Let IJ and II* are the shape tensors of M and M~, respectively. From the equation (2) and 
from the theorem 3.3, we find II*(X,Y) = II(X,Y), where X, Y € x(M) and X, Y € y(M*), 
v = v*. From the definitions of the conjugate vectors, the asymptotic directions and the 
equation II*(X,Y) = II(X,Y), we say the conjugate vectors and asymptotic directions in M 
are also the conjugate vectors and asymptotic directions in M*. Hence the following theorem 
can be given: 

Theorem 3.4. Let M and M* be timelike parallel p;-equidistant ruled surfaces with a 
spacelike base curve in R}. 

(i) If IJ and IJ* are the shape tensors of M and M*, respectively, then we have IJ* = IT. 

(ii) The conjugate vectors in MW are also the conjugate vectors in M*. 

(iii) Asymptotic directions in M are also the asymptotic directions in M*. 

Let I? and J*? are the q-th fundamental forms of M and M*, respectively. From the 
definition of the fundamental form and the theorem 3.3, we find [*4(X,Y) = 1I%(X,Y), 1< 
q <3 where X, Y € x(M) and X, Y € y(M*), v= 0%. 

Let Ps(A) and Ps«(A) be the characteristic polynomials of the shape operators of M and 
M™*, respectively. From the equation (7) and theorem 3.3, we have Ps«(A) = Ps(A) where 
uv =v". Hence the following theorem can be given: 

Theorem 3.5. Let M and M* be timelike parallel p;-equidistant ruled surfaces with a 
spacelike base curve in R?. 

(i) If 74 and J*@ are the q*” fundamental forms of M and M*, respectively, then the relation 
between the fundamental forms is found as follows [*? = I7, 1<q<3. 

(ii) If Ps(A) and Ps«(A) are the characteristic polynomials of the shape operators of M 
and M™, respectively, then we obtain Pgs«(A) = Ps(A). 

Example 3.1. M and M* be timelike parallel p3-equidistant ruled surfaces in three 
dimensional Minkowski space R} defined by the following parametric equations, 


M : p(t, v) = (sinht + vcosht, cosht + vsinht, 1) 


and 


M* : p* (t*,v*) = (2sinht* + v* cosh t*, 2 cosh t* + v* sinh t*, 3) 


where the curves a(t) = (sinht, cosht, 1) and a*(t*) = (2sinht*,2 cosh t*,3) are spacelike base 
curves of M and M™, respectively, (Figure 1). 
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Figure 1 
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§1. Introduction and preliminaries 


The concept of fuzzy set was introduced by Zadeh [7], Fuzzy sets have applications in 
many fields such as information [ and control ©!. The thoery of fuzzy topological spaces was 
introduced and developed by Chang ©! and since then various notions in classical topology has 
been extended to fuzzy topological spaces. The concept of fuzzy basically disconnected space 
was introduced and studied in !7]. The concept of L-fuzzy normal spaces and Tietze extension 
theorem was introduced and studied in 9. The concept of soft fuzzy topological space was 
introduced by Ismail U. Triyaki [8]. J. Tong ©) introduced the concept of B-set in topological 
space. The concept of fuzzy B-set was introduced by M.K. Uma, E. Roja and G. Balasubrama- 
nian |!2], In this paper, the new concepts of soft L-fuzzy topological space and soft L-fuzzy V 
space are introduced. In this connection, the concept of soft L-fuzzy BV basically disconnected 
space is studied. Besides giving some interesting properties, some characterizations are studied. 
Tietze extension theorem for a soft L-fuzzy BV basically disconnected space is established. 

Definition 1.1. Let (X,T) be a topological space on fuzzy sets. A fuzzy set » of (X,T) 
is said to be 

(i) fuzzy t-set if intA = intcld, 

(ii) fuzzy B-set if \X = uA 7 where p is fuzzy open and 7 is a fuzzy t-set. 
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Lemma 1.1. For a fuzzy set \ of a fuzzy space X. 

(i)1l — intd = cl(1 — A), 

(ii)L — clA = int(1 — X). 

Definition 1.2. Let X be a non-empty set. A soft fuzzy set(in short, SF'S) A have the 
form A = (A, M) where the function 4: X — I denotes the degree of membership and M is 
the subset of X. The set of all soft fuzzy set will be denoted by SF(X). 

Definition 1.3. The relation C on SF(X) is given by (u,N) EC (A,M) © pula) < 
A(x), Va € X and MCN. 

Proposition 1.1. If (4;,N;) € SF(X),j © J, then the family {(u,;,N;)|7 € J} has a 
meet, ie. gl.b. in (SF(X),C) denoted by Nyez(u;,N;) and given by Nyez(uj;,N;) = (u, N) 


where 


M(x) = AjesHy(a)Va € X 
and 
M =NM,; for j € J. 
Proposition 1.2. If (4u;,.N;) € SF(X), 79 € J, then the family {(u,;,.N;)|7 € J} has a join, 
i.e. Lu.b. in (SF(X),C) denoted by Ujes(p;,.N;) and given by Ujes(;,.N;) = (4, N) where 


p(x) = Vjespj (2), Va EX 


and 
M =UM,; for j € J. 


Definition 1.4. Let X be a non-empty set and the soft fuzzy sets A and C are in the 
form A= (A, M) and C = (y, N). Then 
(i) AC C if and only if A(x) < p(x) and M CN for x € X, 
(ii) A= C if and only if AC C and CEC A, 
(iii) ANC = (A, M)N (pn, N) = (A(z) A (x), MV) for all x € X, 
(iv) AUC =(,, M)U (un, N) = (A(z) V u(x), MUN) for all a € X. 
Definition 1.5. For (1, N) € SF(X) the soft fuzzy set (y1, N)’ = (1 — pu, X \ N) is called 
the complement of (j1, NV). 
Remark 1.1. (1 — pw, X/N) = (1,X) — (pu, N). 
Proof. (1,X) — (u,N) = (1,X)N(w,N) = (1, X)N (1 - p, X/N) = (1 p, X/N). 
Definition 1.6. Let S be a set. A set T C SF(X) is called an SF-topology on X if 
SFT1 (0,0) € T and (1,.X) €T, 
SFT2 (uj,.Nj) €T,j =1,2,--+ n> 7%, (uy,Ny) €T, 
SFT3 (u;,N3) € 1,9 € J => Ujer(uy,.Nj) € T. 
As usual, the elements of T are called open, and those of T’ = {(, N)|(y, N)’ € T} closed. 
If T is an SF-topology on X we call the pair (X,T) an SF-topological space(in short, SFT'S). 
Definition 1.7. The closure of a soft fuzzy set (j1,.N) will be denoted by (1, .N). It is 
given by 


(u,.N) =M{(v, L)|(u, N) E (v, L) € T’}. 


Likewise the interior is given by 


(u, N)° = U{(v, L)|(v, LZ) et, (v, L) Cc (u, N)}. 
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Note 1.1. (i) The soft fuzzy closure (1, N) is denoted by SFcl(1, N). 

(ii) The soft fuzzy interior (u, N)° is denoted by SFint(u, N). 

Proposition 1.3. Let gy: X — Y bea point function. 

(i) The mapping y~ from SF(X) to SF(Y) corresponding to the image operator of the 
difunction (f, F) is given by 


ep (u,.N) = (v, L) where v(y) = sup{u(x)|y = e(x)}, and 


L= {y(a)|e € N and v(y(x)) = w(x)}- 


(ii) The mapping »~ from SF(X) to SF(Y) corresponding to the inverse image of the 
difunction (f, F’) is given by 
g (uv, L) = (voy, pL). 


Definition 1.8. Let (X,7T) be a fuzzy topological space and let \ be a fuzzy set in (X,T). 
A is called fuzzy G's if X = A?2,A4 where each ; € T, i € I. 

Definition 1.9. Let (X,T) be a fuzzy topological space and let \ be a fuzzy set in (X,T). 
d is called fuzzy F, if X= V92,A; where each A; € T, i € I. 

Definition 1.10. Let (X,T) be any fuzzy topological space. (X, T) is called fuzzy basically 
disconnected if the closure of every fuzzy open F, set is fuzzy open. 

Definition 1.11. An intutionistic fuzzy set U of an intutionistic fuzzy topological space 
(X, T) is said to be an intutionistic fuzzy compact relative to X if for every family {U; : 7 € J} 
of intutionistic fuzzy open sets in X such that U C Uje zU;, there is a finite subfamily {U; : 
j=1,2,--- ,n} of intutionistic fuzzy open sets such that U C U?_,Uj. 

Definition 1.12. The L-fuzzy real line R(L) is the set of all monotone dsecreasing elements 
d € L® satisfying V{A(t) : t € R} = 1 and A{\(t) : t € R} = 0, after the identification 
of A,u © LF iff X(t+) = A{A(s) : s < t} and A(t-) = V{A(s) : s > t}. The natural L- 
fuzzy topology on R(L) is generated from the basis {Z;,R, : t € R}, where L,{A] = A(t—)’ 
and R:[A] = A(t+). A partial order on R(L) is defined by [A] < [py] iff A(t—) < p(t—) and 
A(t+) < u(t+) for allt € R. 

Definition 1.13. The L-fuzzy unit interval [(L) is a subset of R(Z) such that [A] € I(L) 
if A(t) = 1 for t < 0 and X(t) = 0 for t > 1. It is equipped with the subspace L-fuzzy topology. 


§2. Soft L-fuzzy topological space 


In this paper, (L,€,’ ) stands for an infinitely distributive lattice with an order reversing 
involution. Such a lattice being complete has a least element 0 and a greatest element 1. A 
soft L-fuzzy set in X is an element of the set DL x L of all functions from X to L x L ie. 
(A, M): X — L x L be such that (A, M)(x) = (A(x), M(2)) = (A(x), xac(2)) for all x € X. 

A soft L-fuzzy topology on X is a subset T of Z x LE such that 

(i) (0x; 0x), (le, lx) eT, 

(ii) (uj, Nj) € T, § =1,2,--- ,m > Ry (uy, Ny) ET, 

(iii) (uj,.Nj) ET, 7 € J > Njes(uy, Nj) € T. 
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A set X with a soft L-fuzzy topology on it is called a soft L-fuzzy topological space. The 
members of T are called the soft L-fuzzy open sets in the soft [-fuzzy topological space. 

A soft L-fuzzy set (A, M) in X is called a soft L-fuzzy closed if (A, M)’ is the soft L-fuzzy 
open where (A, M)’ = (1—A,1— M) = (1x,1x)-(A,M™). 

If (A, M), (u, N): X — Lx L, we define (A, M) CE (uw, N) & A(x) < p(x) and M(x) < N(x) 
for allae X. 

A function f from a soft [-fuzzy topological space X to a soft L-fuzzy topological space 


Y is called soft L-fuzzy continuous if f~(y, N) is soft L-fuzzy open in (X,T), for each soft 
L-fuzzy open set in (Y,S). 

If (X,T) is a soft L-fuzzy topological space and A C X then (A,T,4) is a soft L-fuzzy 
topological space which is called a soft L-fuzzy subspace of (X,T) where 


Ta = {(A, M)/A: (A, M) is a soft L-fuzzy set in X}. 


The soft L-fuzzy real line R(L x L) is the set of all monotone decreasing soft L-fuzzy set 
(A, M):R(L x L) > L x L satisfying 


{(A, M)(t)/t € R} = U{(A, xz) (t)/t € R} = (1x, 1x), 
{(A, M)(t)/t € R} = N{(A, xaz)(t)/t € R} = (Ox, 0x), 
after the identification of (A, M), (u,N): R(L x L) > L x L if for every ¢ € R iff 


and 

(A, M)(t+) = (u, N)(t+), 
where (A, M)(t—) = Nsce(A, M)(s) and (A, M)(t+) = Ussz(A, M)(s). The natural soft L-fuzzy 
topology on R(L x L) by taking a sub-basis {L,, R;/t € R} where 


L,[A, M] = (A, M)(t—-)’, Re [A, M] = (A, M)(t+). 


This topology is called the soft L-fuzzy topology for R(L x L). {L,/t € R} and {R;/t € R} are 
called the left and right hand soft L-fuzzy topology respectively. 

A partial order on R(LZ x L) is defined by [A, M] E [u, N] = (A, M)(t—) E (nu, N)(t—) and 
(A, M)(t+) E (u, N)(t+) for allt € R. The soft L-fuzzy unit interval [(L x L) is a subset of 
R(L x L) such that [A, M] € I(L x L) if 


(A, M)(t) = (1x, 1x) for t <0, 


and 
(A, M)(t) = (0x,0x) for t > 1. 
It is equipped with the subspace soft L-fuzzy topology. 
Definition 2.1. Let (X,T) be soft L-fuzzy topological space. For any soft L-fuzzy set 
(A, M) on X, the soft L-fuzzy closure of (A, M) and the soft L-fuzzy interior of (A, /) are 
defined as follows: 


SLFcl(A,M) =N{(u,N) : (A, M) C (nu, N), (u, N) is a soft L-fuzzy closed set in X}, 
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SLFint(\, M) = U{(u, N): (A, M) o (uw, N), (u, N) is a soft L-fuzzy open set in X}. 


Definition 2.2. Let T be a soft L-fuzzy topology on X. Then (X,T) is called soft L-fuzzy 
non-compact if Ujer(Ai, Mi) = (1, X), (Ai, Mi) be soft L-fuzzy set in T, i € I, there is a finite 
subset J of J with Ujez(A;,M;) 4 (1, X). 

Definition 2.3. Let (X,T) be a soft fuzzy L-fuzzy topological space. Let (A, M) be 
any soft L-fuzzy set. Then (A,M) is said to be soft L-fuzzy compact set if every family 
{(A;,M;) : 7 € J} of soft L-fuzzy open sets in X such that (A, M) C Ujes(Aj, Mj), there 
is a finite subfamily 7 € I, there is a finite subfamily {(A;, 4;) : 7 =1,2,--- ,n} of soft L-fuzzy 
open sets such that (A, M) E Uje7(A;, M5). 

Definition 2.4. Let (X,T) be a soft L-fuzzy topological space. Let (A, M) be any 
soft L-fuzzy set. Then (A,M) is said to be a soft L-fuzzy t-open set if SLFint(A,M) = 
SLFint(SLFel(X, M)). 

Definition 2.5. Let (X,T) be a soft L-fuzzy topological space. Let (A, M) be any soft 
L-fuzzy set. Then (A, M) is said to be a soft L-fuzzy B open set (in short, SLFBOS) if 
(A, M) = (u, N) (7, £)) where (44, NV) is a soft L-fuzzy open set and (7, L) is a soft L-fuzzy 
t-open set. The complement of soft L-fuzzy B-open set is a soft L-fuzzy B closed set (in short, 
SLF BCS). 


§3. Soft L-fuzzy BY basically disconnected space 


Definition 3.1. Let (X,T) be a soft L-fuzzy topological space and a soft L-fuzzy non- 
compact spaces. Let C be a collection of all soft L-fuzzy set which are both soft L-fuzzy closed 
and soft L-fuzzy compact sets in (X,T). Let 


(7, D)~ ={O,M) €C: (A, M) (7, £) F (Ox, 0x), (7, L) is a soft L-fuzzy open set }, 


(6, P)* = {(A,M) €C: (A, M)N (6, P) = (0x, 0x), 
(6,P) is asoft L-fuzzy compact set in (X,T)}. 


Then the collection V = {(A, M) : (A, M) € (7, D)7} U{(u,.N) : (uN) € (6, P)T} is said to be 
soft L-fuzzy V structure on (X,7T) and the pair (X, V) is said to be soft L-fuzzy V space. 
Notation 3.1. Each member of soft L-fuzzy V space is a soft L-fuzzy Vopen set. The 
complement of soft L-fuzzy Vopen set is a soft L-fuzzy Vclosed set. 
Definition 3.2. Let (X,V) be a soft L-fuzzy V space. For any soft [-fuzzy set (A, M) on 
X, the soft L-fuzzy V closure of (A, M) and the soft L-fuzzy V interior of (A, M) are defined as 
follows: 


SLEVd(A, M) =N{(pw, N) : (A.M) CE (nu, N), (4, N) is a soft L-fuzzy V closed set in X}, 


SLFVint(A\, M) = U{(u, N): (A, M) a 


(4,.N), (4, N) is a soft L-fuzzy V open set in X}. 


Definition 3.3. Let (X,V) be a soft L-fuzzy V space. Let (A, MM) be any soft L- 
fuzzy set in X. Then (A, M) is said to be a soft L-fuzzy tV open set if SLFVint(A,M) = 
SLFVint(SLFVel(A, M)). 
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Definition 3.4. Let (X,V) be a soft L-fuzzy V space. Let (A, M) be any soft L-fuzzy 
set in X. Then (A, ) is said to be a soft L-fuzzy BV open set (in short, SLF BVOS) if 
(A, M) = (u, N) 1 (y, £)) where (1, N) is a soft L-fuzzy V open set and (y, L) is a soft L-fuzzy 
tV open set. The complement of soft L-fuzzy BV open set is a soft L-fuzzy BY closed set (in 
short, SLE BYCS). 

Definition 3.5. Let (X,V) be a soft L-fuzzy V space. A soft L-fuzzy set (A, M) is said to 
be soft L-fuzzy VG set (in short, SELF VG) if (A, M@) = 2%, (Ai, Mi), where each (\;, Mj) € V. 
The complement of soft L-fuzzy VG's set is said to be soft L-fuzzy VF, (in short, SLFVF,) 
set. 

Remark 3.1. Let (X,V) be a soft L-fuzzy V space. For any soft L-fuzzy set (A, M), 

(i) which is both soft LZ-fuzzy BV open and soft L-fuzzy VF,. Then (A, /) is said to be 
soft L-fuzzy BV open F, (in short, SLF BVOF;,). 

(ii) which is both soft L-fuzzy BY closed and soft L-fuzzy VG5. Then (A, M) is said to be 
soft L-fuzzy BY closed Gs (in short, SLE BVCG'). 

(iii) which is both soft L-fuzzy BV open F, and soft L-fuzzy BV closed Gs. Then (A, /) 
is said to be soft L-fuzzy BV closed open GF, (in short, SLFBYCOGF). 

Definition 3.6. Let (X,V) be a soft L-fuzzy V space. For any soft L-fuzzy set (A, M) in 
X, the soft L-fuzzy BY closure of (A, M) and the soft L-fuzzy BV interior of (A, M) are defined 
as follows: 


SLFBvcl(A,M) ="{(pu, N) : (A, M4) C (wu, N), (4, N) is a soft L-fuzzy BY closed }, 


SLF BVint(A, M) = U{(u, N): A, M) o (Hu, N), (u, N) is a soft L-fuzzy BV open set }. 


Proposition 3.1. Let (X,V) be a soft L-fuzzy V space. For any soft L-fuzzy set (A, M) 
in X, the following statements are valid. 

(i) SLFBVint(A, M) C (A, M) C SELF BYVcl(,, M), 

(ii) (SELF BYVint(A, M))' = SLFBYVcl(\, M)’, 

(iii) (SLF BVcl(A, M))' = SLFBVint(A, M)’. 

Definition 3.7. Let (X,V) be a soft L-fuzzy V space. Then (X,V) is said to be soft 
L-fuzzy BY basically disconnected if the soft L-fuzzy BY closure of every soft L-fuzzy BY open 


F, set is a soft L-fuzzy BV open set. 

Proposition 3.2. Let (X,V) be a soft L-fuzzy V space, the following conditions are 
equivalent: 

(i) (X,V) is a soft L-fuzzy BY basically disconnected space, 

(ii) For each soft L-fuzzy BV closed Gs set (A, M), SLF BVint(\, M) is soft L-fuzzy BV 
closed, 

(iii) For each soft L-fuzzy BV open F, set (A, M), 


SLFBVel(\, M) + SLFBVcl(SLF BVcl(X, M))' = (1x,1x), 


(iv) For every pair of soft L-fuzzy BV open F, sets (A, M) and (u,N) with SLF BY 
cl(A, M) + (uw, N) = (1x, 1x), we have SELF BVcl(A, M) + SLFBVcl(p, N) = (1x, 1x). 
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Proof. (i)=(ii). Let (A, M) be any soft L-fuzzy BY closed G5 set in X. Then (A, M)’ is 
soft L-fuzzy BY open F,. Now, 
SLFBVcl(\,M) = (SLFBVint(A, M)) . 
By (i), SLFBVcl(A, M) is soft L-fuzzy BV open. Then SLFBVint(X, M) is soft L-fuzzy BV 
closed. 
(ii) (iii). Let (A, M) be any soft L-fuzzy BV open F, set. Then 
SLFBVcl(A, M) + SLFBVel(SLFBVcl(\, M)) (1) 
= SLFBVcl(\,M) + SLFBVcl(SLFBVint(A, M) . 


Since (A, M) is a soft L-fuzzy BV open F, set. Now, (A, M)’ is a soft L-fuzzy BV closed 
G's set. Hence by (ii), SLFBVint(A, M)’ is soft L-fuzzy BV closed. Therefore, by (1) 


SLFBVcl(A, M) + SLFBVcl(SLFBVcl(\, M)) 
= SLFBVcl(\,M) + SLFBVel(SLFBVint(A, M) ) 
SLFBVcl(A, M) + SLFBYVint(A, M), 
SLFBVcl(A, M) + (SLFBVel(X, M))' 
SLFBVcl(A, M) + (1x,1x) — SLFBVel(A, M) 
= (1x,1x) 


Therefore, SLF BVcl(A, M) + SLFBVd(SLFBVd(A, M)) = (1x, 1x). 
(iii) =>(iv). Let (A, M) and (yu, N) be soft L-fuzzy BV open Fy sets with 


SLFBVcl(A, M) + (u, N) = (1x, 1x). (2) 
By (iii), 
(lx,lx) = SLFBVel( + SLFBVcl(SLFBVcl(A, M)) 


) 
= SLFBVel(A, M) + SLFBVel((1x,1x) — SLFBVel(X, M)) 
= SLFBVcl(\,M) + SLFBVel(p,N). 


Therefore, SLF BVcl(A, M)+ SLFBVcl(p, N) = (1x, 1x). 

(iv) (i). Let (A, M) be asoft L-fuzzy BV open F, set. Put (u,.N) = (SLFBVcl(\, M)) = 
(1x,1x)-— SELF BmathcalV cl(\, M). Then SLEFBY cl(A, M) + (u, N) = (1x, 1x). Therefore 
by (iv), SEF Bvcl(A, M) + SLF BVd(yu,N) = (1x,1x). This implies that SLF BYcl(X, M) is 
soft L-fuzzy BV open and so (X,Y) is soft L-fuzzy BY basically disconnected. 

Proposition 3.3. Let (X,V) be a soft L-fuzzy V space. Then (X,V) is soft L-fuzzy BV 
basically disconnected if and only if for all soft L-fuzzy BV closed open GF, sets (A, M) and 
(1, N) such that (A, M) C (p,N), SLFBVel(A, M) C SLFBY int(p, N). 

Proof. Let (A, M) and (1, N) be any soft L-fuzzy BY closed open G5 F, sets with (A, 4) 
(u, N). By (ii) of Proposition 3.2, SEF BVint(y, N) is soft L-fuzzy BY closed. Since (A, M) i 
soft L-fuzzy BY closed open GsF,, SLF Bvcl(\, M) C SLFBVint(p, N). 


n 
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Conversely, let (u,N) be any soft L-fuzzy BV closed open G5F, then SEF BVint(p, N) 
is soft L-fuzzy BV open F, in X and SLFBVint(py,N) EC (u,N). Therefore by assumption, 
SLFBvcl(SLFBVint(u,N)) C SLFBVint(p, N). This implies that SELF BVint(p, N) is soft 
L-fuzzy BV closed Gs. Hence by (ii) of Proposition 3.2, it follows that (X,V) is soft L-fuzzy 
BY basically disconnected. 

Remark 3.2. Let (X,V) bea soft L-fuzzy BY basically disconnected space. Let {(A;, M;), 
(1;, Ni)’/i € N} be collection such that (A;, 4;)’s and (4;, Ni)'s are soft L-fuzzy BY closed open 
GsF, sets and let (A, M) and (yu, N) be soft L-fuzzy BV closed open G5F;, sets. If 


(Ai, Mi) E (A, M) © (uj, Nj) and (Ai, Mi) E (wu, N) E (uy, Ny), 


for all i,j € N, then there exists a soft L-fuzzy BV closed open G5F, set (y,L) such that 
SLFBVel (Aj, M;) C (7, L) © SLFBVint(s1;, N;) for all i, j EN. 

Proof. By Proposition 3.3, SELF BY cl(\;, Mi) C SEF Bvd(A, M)n SLFBVint(p, N) 
C SLFBVint(u;, N;) for all 2,7 ¢ N. Therefore, (y, L) = SLF Bvcl(A,M)NSLFBVint(y, N) 
is a soft L-fuzzy BV closed open G5F, set satisfying the required conditions. 

Proposition 3.4. Let (X,V) be a soft L-fuzzy BV basically disconnected space. Let 
{A1, Mi}icg and {u, Ni}icg be monotone increasing collections of soft L-fuzzy BY closed open 
GF, sets of (X,V) and suppose that (Ag,,Mg,) © (tq.,.Nq.) whenever qi < go (Q is the set 
of all rational numbers). Then there exists a monotone increasing collection {7, Li}icg of soft 
L-fuzzy BY closed open GsF, sets of (X,V) such that SELF BVel(Xq,, Mq,) © (Yq2, Lq2) and 
(Ya. Lq,) & SLFBVint(tg,, Noo 
Proof. Let us arrange all rational numbers into a sequence {q,} (without repetitions). 


) whenever qi < qo. 


For every n > 2, we shall define inductively a collection {(7q,,L¢,)/1 <i < n} is a subset of 
Lx Lin X such that SEF BVcl(Aqg, Mg) E (Yai; La) £9 < Gs (Yai, La) FC SELF BVint(ug, Nog) if 
G <q, for alli <n---(S,). By Proposition 3.3, the countable collections {SLF BVcl(A,, Mq)} 
and {SLF BVint(uq, Nq)} satisfy SLF BVcl(Ag,,Mq,) C SLFBVint(uq,,.Nq.) if m < qe. 

By Remark 3.2, there exists a soft L-fuzzy BV closed open G5F, set (61, P,) such that 


SLFBVcl(Xq,;Mq,) E (61, Pt) © SLFBVint(pqo,.Noo): 


Let (Yar: La) = (61, Pr), we get ($2). 


Define 
v= U{(%q:) Lq,)/4 < nN, Gi < Qn} u {gn Mz,,)}; 
and 
O= C4 Vig Lege 79 <n, qj > Qn} MM (Hansa, ) ts 
Then 
SLE BV ell yqs, tug.) C SLFBVvcd(W) C SLFBVint(¥q,, £q;); 
and 
SLFBVel(Yq;,L;) C SLFBvcl(®) C SLFBVint(Yq;, Lq;); 
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whenever gi < dn < qj(t,j <7) as well as 


(Ag, Mg) © SLFBVdl(W) © (Hq, Na’), 


and 
(Ag, Mg) © SLFBVint(®) © (ug, Na’), 


whenever gq < gn < q’. This shows that the countable collections {(7q,,Lq,)/t < nq < 
dn }U{(Aqs Ma)la< Qn} and {(Y4;,La,)/5 < 1,4) > Gn} UL (Hg, Na)la > dn} together with V and 
® fulfil the conditions of Remark 3.2. Hence, there exists soft L-fuzzy BV closed open G5 F, set 
(5n, Pn) such that SLFBVel(5n, Py) E (pugs Nq) if dn <q (Ags Mg) © SLFBVint(5n, Pn) if ¢< 
dn, SLE BVCl(Yq,,Lq,) E SLE BVint(5n, Pn) if gi < dn; SLFBVCl(5n, Pn) © SLFBVint(yq,,Lq;) 
if dn < qj where 1 <i, 7 <n—1. Now, setting (Yq,,, L£q,) = (dn, Pn) we obtain the soft L-fuzzy 


sets (Yq,;La,); (Var: Lae), (Vas, Las): °° + + Yan» Lan) that satisfy (S,41). Therefore, the collection 
{(%q;; Lq;:)/i = 1,2,--+ } has the required property. 


84. Properties and characterizations of SLF BY basically 


disconnected spaces 


Definition 4.1. Let (X,V) be a soft L-fuzzy V space. A function f : X — R(L x L) is 
called lower (upper) soft Z-fuzzy BV continuous if f~!(R:)(f~'(Lz)) is soft L-fuzzy BV open 
F, (soft L-fuzzy BV open F, / soft L-fuzzy BY closed G5), for each t € R. 

Proposition 4.1. Let (X,V) be a soft L-fuzzy V space. For any soft L-fuzzy set (A, M) 
in X and let f : X — R(L x L) be such that 


(lx,lx), if t<0; 
f(x)(=¢ (A,M)(z), if O<t<1; 
(0x,0x), if #>1, 


for alla ¢ X andt €R. Then f is lower (upper) soft L-fuzzy BV continuous iff (A, M) is soft 
L-fuzzy BY open F, (soft L-fuzzy BV open F, / soft L-fuzzy BY closed G5). 
Proof. 
igigh, a £20 
jf i= (\,M), if 0<t<1; 
(Ox,0x), if ¢>1, 


implies that f is lower soft L-fuzzy BV continuous iff (A, M) is soft L-fuzzy BV open F;,. 


(1g, Le), aE <0 
f= (\,M), if 0<t<1; 
(0x,0x), if t>1, 


implies that f is upper soft L-fuzzy BV continuous iff (A, M) is soft L-fuzzy BY closed G5. 
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Definition 4.2. The soft L-fuzzy characteristic function of a soft L-fuzzy set (A, M) in X 
is a map X(,,m) : X — L x L defined by 


X(am)(#) = (A, M)(2) = (A(z), xu(2)), 


for each « € X. 

Proposition 4.2. Let (X,V) be a soft L-fuzzy V space. Let (A, M) be any soft L-fuzzy 
set in X. Then x;,,.7) is lower (upper) soft L-fuzzy BY continuous iff (A, /) is soft L-fuzzy 
BY open F,(soft L-fuzzy BV open F, / soft L-fuzzy BY closed G5). 

Proof. The proof follows from Definition 4.2 and Proposition 4.1. 

Definition 4.3. Let (X,V) be a soft L-fuzzy V space. A function f : (X,V) — R(L x L) 
is said to be strongly soft L-fuzzy BV continuous if f~'(R;,) is soft L-fuzzy BV open F, / soft 
L-fuzzy BV closed Gs and f~+(L¢) is soft L-fuzzy BV open F, / soft L-fuzzy BV closed G5 
set for each t € R. 

Notation 4.1. The collection of all strongly soft L-fuzzy BV continuous functions in soft 
L-fuzzy V space with values R(L x L) is denoted by SCpy. 

Proposition 4.3. Let (X,V) be a soft L-fuzzy V space. Then the following conditions 
are equivalent: 

(i) (X,V) is a soft L-fuzzy BV basically disconnected space, 

(ii) If g,h : X — R(L x L) where g is lower soft L-fuzzy BV continuous, h is upper soft 
L-fuzzy BY continuous, then there exists f € SCgy(X,V) such that gC f Ch, 

(iii) If (A, 4)’, (u, N) are soft L-fuzzy BV closed open GF, sets such that (u,N) C (A, 4), 
then there exists strongly soft L-fuzzy BV continuous functions f : X — R(L x L) such that 
(u, N) € (Li)'f © Rof € (A, M). 

Proof. (i)=(ii). Define (&,E,) = Lyh and (,,Cy) = Rx’g, k € Q. Thus we have 
two monotone increasing families of soft L-fuzzy BV closed open G5F, sets of (X,V). More- 


over (€%,£x) E (ns,Cs) if k < s. By Proposition 3.4, there exists a monotone increas- 
ing family {(vx, Fe) }xeq of soft L-fuzzy BY closed open GF, sets of (X,V) sets such that 
SLFBvcl(&,E,) EC (vs, Fs) and (vp, Fy) EG SLFBVint(n,,C,) whenever k < s. Letting 


(dt, Dt) = Meet(Vp, Fe)’ for all t € R, we define a monotone decreasing family {(¢:, D;)/t € R} 
is a subset of L x L. Moreover, we have SEF BVcl(¢:, Dy) GC SLE BVint(¢s, Ds) whenever 
s <t. We have 


Urer ($e, Dt) = Urer Thee (Ves Fr)’ 


= UterR! 'k<t (ne, Cre)’ 


= UteR | Ik<t 9 *(Re) 
= 97 *(Uter Re) 
= (1x, 1x). 
Similarly, Mrer(¢:, Dt) = (0x,0x). Now define a function f : X — R(L x L) possessing the 


required properties. Let f(a)(t) = (¢, Dz)(x) for all a € X andt € R. By the above discussion 
it follows that f is well defined. To prove f is strongly soft [-fuzzy BY continuous. Observe 
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that 

Us>t(¢s, Ds) = UsstSLF BVint(¢s, Ds), 
and 

Ns<t(¢s, Ds) =Ns<t SLF BVel(¢5, Ds). 


Then f-1(R:) = Rio f = Ri(d:, Dt)(x) = Usse(bs, Ds) = UsstSLFBVint(¢5, Ds) is soft L- 
fuzzy BV closed open GsF,. And f~1(Li) = Nset(¢s,Ds) = Msi SLFBVcl(65,Ds) is soft 
L-fuzzy BV closed open GsF,. Therefore, f is strongly soft L-fuzzy BV continuous. To 
conclude the proof it remains to show that g C f Ch. That is, g-'(Li) C f-'(Li) C Ah (Lh) 
and g~'(R:) C f-'(R:) GC h~'(R:) for each t € R. We have 


f(T CE) 
=lIect!lk<s J *(Rx) 


= Tledy Viges (ey Ce) 


C Ms<t Mes (Ye, Fe)’ 
=Mes<t(ds, Ds) 
= f-'(L)) 
i Us) Men De) 

= Ms<t Mk<s (Ves Fr) 
=! 's<t! lk<s (Ex, Ex)’ 
=Tige Mess (Ly) 
= s<th “) 
= oh), 


Similarly, we obtain 


g* (Rt) = Usseg” (Rs) 

= Us>t Uk>s g '(Rr) 

= Vest Ve>s (Me: Cr)’ 
CE Usst Mes (Ve, F,)! 
= Us>t(¢s, Ds) 

= f-* (Ri), 
F(R) = Upsala Ds) 

= Us>t Nk<s (Ve, F,)' 
E Usse Uese (Ce, Be)’ 
sot Unss h7* (Ly) 
= Ussth* (Rs) 
=n Ry): 
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Thus, (ii) is proved. 
(ii) (iii). Suppose that (A, M) is soft L-fuzzy BY closed G's and (1, N) is soft L-fuzzy BV 
open F, such that (u,N) CE (A, M). Then xq.) © x(a,m), Where X(N), X(a,m) are lower and 


upper soft L-fuzzy BV continuous functions, respectively. Hence by (ii), there exists a strong 


soft L-fuzzy BY continuous function f : X > R(L x L) such that x(,,0) © f © x(a,m). Clearly, 
f(z) € R(L x L) for all  € X and (uw, N) = Linn) © Af © Rof © Roxa,my = ,M). 
Therefore, (uN) CL,f CO Rof GC (A, ™). 

(iii) > (i). LL f and Rof are soft L-fuzzy BY closed open GF, sets. By Proposition 3.3, 
(X,V) is a soft L-fuzzy BV basically disconnected space. 


§5. Tietze extension theorem 


Definition 5.1. Let (X,V) be a soft L-fuzzy V space and A C X then (A, V/A) is a soft 
L-fuzzy V space which is called a soft L-fuzzy V subspace of (X,V) where V/A = {(A, M)/A: 
(A, M) € V}. 

Remark 5.1. Let X be a non-empty set and let A Cc X. Then the characteristic function* 
of A isa map v4 = (v4,X4): X > {(1x, 1x), (Ox, 0x)} is defined by 


(1x, 1x), if «EA; 


X4 = 
(0x,0x), if ZA. 


Proposition 5.1. Let (X,V) be a soft L-fuzzy BV basically disconnected space and let 
AC X be such that x% is a soft L-fuzzy BV open F, set in X. Let f : (A,V/A) — I(L x L) be 
strong soft L-fuzzy BV continuous. Then f has a strong soft L-fuzzy BY continuous extension 
over (X,V). 

Proof. Let g,h : X — R(L x L) be such that g = f = h on A and g(x) = (0x,0x), 
h(a) = (1x, 1x) if « g A, we have 


Rig _ 
(1x, lx), if t<0, 
where (4, N;) is soft L-fuzzy BV open F, and is such that (114, N:)/A = Rif and 


(1x,1x), if t>1, 


Lyh= 


where (Az, Mz) is soft L-fuzzy BV closed open G5F, and is such that (A;, M;)/A = Lif. Thus, 
g is lower soft L-fuzzy BY continuous and fh is upper soft L-fuzzy BV continuous with g Eh. 


By Proposition 4.3, there is a strong soft L-fuzzy BV continuous function F : X — I(L x L) 
such that g 2D F Ch. Hence F' = f on A. 
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Abstract In this paper, the eigenvalues, the Euclidean norm and the inverse of right circulant 


matrices with Perrin sequence were obtained. 


Keywords Perrin sequence, right circulant matrix. 


81. Introduction 
The Perrinn sequence is a sequence whose terms satisfy the recurrence relation 


dn = In—2 + In—3; (1) 


with initial values qo = 3, q1 = 0, gg = 2. The n-th term of the Perrinn sequence is given by: 
Qn = Typ try +73; (2) 


where 


of1 1 23 ofl ts 498 
2° 6V 3 2 6V 3° 
—-1+iV3 3/1 1 /23 -1-iV33/1 1 [23 
Hi = + +t 
2 2 2'6V 3 D 2 6V 3’ 
—1-—iV33/1 1 /23 -1+iV33/1 1 /23 
Tr. => a x 
3 5 i GY 3 2 2 6V3 


3 


The numbers r;, rz and rz are the roots of the equation x” — z —1=0. Moreover, r; is called 


the Plastic number. 
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A right circulant matrix with Perrin sequenc is a matrix of the form 


qo 1 G2 ++ An-2 Yn-1 

In-1 qo G1 + Qn-3  Yn—-2 

RCIRC,(q) = Qn—2 Gn-1 dO + An-4 In-3 
q2 93 q4 qo 71 
1 q2 73 In-1 qo 


where p,x are the first n terms of the Perrinn sequence. 


§2. Preliminary results 


To prove the main results, the following lemmas will be used. 


Lemma 2.1. 


where w = e2!7/", 


Proof. Note that ie (rw—™)* is a geometric series with first term 1 and common ratio 
rw—™. Using the formula for the sum of a geometric series, we have 


n-1 1 — rrwrmn 

iin) = 1 —m 

i — TW 
_ 1—r"(cos 2m + isin 27) 
7 1l-rw-™ 
_ 1 = rr 
fare 

Lemma 2.2. 
7. a;(1—r?) 4 [a;(1 — 73) Tagg (1 — raw) (3) 
= L=7a8-™ Wja10 —rjw-™) , 


Proof. By combining these fractions we have 


3 ajl—rf)  a(l—rt)TIpzo(l — mew ™) +--+ an(l — rh) igen (l — raw ™) 
=| j —m 10 =_ rjto-™) 
Shea [asl — 7) Tlages(l — raw”) 

Wad =Ty-™) , 
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§3. Main Results 


Theorem 3.1. The eigenvalues of RCIRC,,(q) are given by 


where m = 0,1,---,n-—1. 
Proof. From [1], the eigenvalues of a right circulant matrix are given by the Discrete 
Fourier transform 


n—1 
Am = S- eo, (4) 


where cx, are the entries in the first row of the right circulant matrix. Using this formula, the 
eigenvalues of RCI RC,,(q) are 


n—-1 
Am = [rf +rk + rs | mi 
k=0 
n—-1 n—1 n—1 
= r ae DC k wk oo ae 
k=0 k= 


By Lemma 2.1 we will get the desired equation. 
Theorem 3.2. The Eucliden norm of RCIRC;,(@) is given by 


3 ) TL ptt Nyt Mp 
eae, pe SH), 20S) Sms) 


IRC, = 
[BOLRG lle as rae) 1- a 1l—ryre 1l—roar3 1l-—r1r3 
Proof. 
n-1 ‘i 
|RCIRC,(P\|5 = \"d [re + rk + rk] 
k=0 


= n y [ree t rok 4 rok 4 Qrkrk + arkrk 4 2rkr§]. 


Note that each term in the summation is from a geometric sequence, so using the formula for 
sum of geometric sequence, the theorem follows. 


Theorem 3.3. The inverse of RCIRC,,(p) is given by 


RCIRC,, (so, S15 .. -;8n—1) ; 
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where 
1 n-1 
Ss; => = FG, ka a, 
n 
m=0 
3 ree 
an yw 
Q(j,k,w™) = 3 Lj=1 A ’ 
pan [o9) Tages 70) 
pljw-™) = Lr", 
o(j) = 1- rh 
T(k,w ™) = L-rpw™™. 


Proof. The entries of the inverse of a right circulant matrix can be solved using the Inverse 


Discrete Fourier transform ; 
1 ~ —1, mk 
sh = 
=. ya (5) 
m=0 


where A,, are the eigenvalues of the right circulant matrix. Using this equation and Theorem 


3.1 we have 


(eS ag | 
sk = yee | ge, 


m=0 Lk=1 


By Lemma 2.2 we have 


pnt [8 [1-2 Tag (d — ew) 
_ 3 | HG —ne-") ! es 
a2 = | T5101 — rjw-™) Pe 
m mmo | Nga [C1 — rf) Tages — rw) 
1S | Thj-1 eG,w-™) a 
Maa) | 0) Meat he) 
7 1 Gj, ku-™ ya 
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